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Mbl paspaboTanuM MeTop, peHOPMa/IN3aLMOHHOM Tpynnbl, Y4TO6bl UCCeAoBaTb BAUSIHUE 60/bLIOIO
pasépoca reomeTpuyeckux W @GUIMYECKMX MUKpornapaMeTpoB Ha 3¢PeKTUBHbIA Ko3PPULMEHT
anddys3nn. OCHOBHbIM 31eMEHTOM 3TOr0 METOAA SAB/IIETCS NepeHOPMUPOBKA CTPYKTYPHbIX MApaMeTpoB
OT MMKpPO- A0 MWUIMMETPOBOro Macwrtaba ciy4arHOW reoMeTpum MHOrFOKOMMOHEeHTHOro 6enoro
BellecTBa roJIoBHOro Mosra. Haw nogaxop ynyyuwaeT mopenb CeHa-baccepa gna 6enoro BelecTsa
mo3ra [Sen P. N., Basser P. J., Biophys. J., 89 (2005) 2927] 6narogaps y4yeTy BAMsAHUS 6ecrnopsigka v
Nno3BoJISIeT KOJIMYECTBEHHO UCCN1Ie[0BaTh YyBCTBUTE/IbBHOCTb 3P deKTUBHOro KodpduumneHTa agudoysum K
Bapuauuvsm 4OMUHUPYIoLero Habopa MUKponapamMeTpoB.

We have developed a renormalization group method in order to explore the influence
of a large range of geometrical and physical microparameters on the effective diffusion
coefficient. The main element of this method comprises of the renormalization of structural
parameters from the micro- to the millimeter scale of the random multi-component white
matter of the brain. Our approach enhances the Sen-Basser model of the brain white matter
[Sen P. N., Basser P. J., Biophys. J., 89 (2005) 2927] by taking the influence of disorder into
consideration and allowing quantitative investigation of the sensitivity of the effective
diffusion coefficient to the variations of the dominant set of microparameters.

BBEAEHUE

besioe BeIecTBO roJIOBHOTO MO3Ta MOXKHO pa3[e/IuTh
Ha 7Be 06J1aCTHU: BHYTPUKJIETOUHOE IIPOCTPAHCTBO
(ICS) m BHeKJIeTOUHOe ITpocTpaHCcTBO (ECS). ICS cocTouT
M3 IJIOTHO YIIaKOBAHHOI'O0 KOMIIO3MTAa aKCOHOB, ITIMHU
U UX KJIeTOYHBIX obpa3oBaHuH, a ECS npencrasnser
cobori skeneobpa3Hy0 MaTpHILy, KOTOpasi pas3jesnseT
KJIeTKH 6Honoruyeckor TkaHu. ECS mogaepskuBaeT
OCHOBHBIE QyHKIIUH MO3Ta, BK/II0Yasl MeKK/IETOUHBIN
obMeH, TPaHCIIOPTHPOBKY ITHUTATEIbHBIX BENeCTB U
IocTaBKy JiekapcTB. ECS mpencrasiger Tonbko ~ 20%

o6beMa 3710pOBOTr0 FOJIOBHOI'O MO3Ta, HO MOXKeT Pe3K0
COKPAIAThCs U AUHAMHUYECKH PACIIUPATHCSA MPH
HM3MeHeHUH o6beMa KJIeTOK TOJI0BHOIO MO3ra IIpH
CTUMY/ISIUMU HeMPOHOB MJIM IIPH BBeIeHUH OCMOTH-
YeCKUX areHTOB. Mi3MeHeHHs B PasMepe U TeOMeTPHHU
ECS conpoBOXX/JAI0TCS MHOTUMHU [1aTOJIOTUYeCKUMH
OTKJIOHeHHMSIMH, YKa3blBAIOUIMMHU Ha UIIEMHUIO, BOC-
najieHHe ¥ IIPOrPecCHPYIONLYIO OITyXO0Ib.

[IpyHMMas BO BHUMaHHe, YTO MO3T IIpeJCTaB-
nsieT cobor cpeay, COCTOSIYIO M3 CAy4aHHO pac-

1 Kadespa 6MOMEANLIMHCKOrO MAarHUTHOTO pe3oHaHCa, MHCTUTYT 3KCnepumMeHTansHon ¢usunkmn, OTTo-dboH-Typrke yHuBepcuTeT Maraebypra, Mar-
nebypr, F'epmanus / Department of Biomedical Magnetic Resonance, Institute for Experimental Physics, Otto-von-Guericke University Magdeburg,

Magdeburg, Germany.
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[I0JIOKeHHBIX JOMEHOB pa3HbIX ¢as, ee 3o PeKTUB-
Hble MAaKPOCKOIIHMYeCKHe CBOMCTBA MOI'YT OBITh OIIH-
CaHBl MeTOAAMH, Pa3paboTaHHBIMU JJISI CIydaH-
HBIX TeTePOTeHHBIX MaTepHUajoB. KcIlonb3ys coBpe-
MeHHBIe MeTO/[bl MarHUTHO-PE30HAHCHOU TOMOIpa-
dun (MPT), MOSKHO IIOJIyYUTh YHUKAIbHYIO0 KHHOOP-
Marnuio o6 opraHu3anuy 6e10ro BelecTsa, HEMPOH-
HBIX IIyTeH U UX BH3yajaMH3allMK. MaKkpocKkomuye-
CKHe CBOMCTBa MOKHO OLleHUTb, UCIIO/Nb3y4 yCpenHe-
HHe MHKPOCTPYKTYpHl. HanpuMep, o6beMHast fomIs
ECS (p) u 3¢ PeKTUBHBIN KO3QIULIHEeHT AUPPY3HUU
(Deff) ABISIOTCS A BYyMSI OCHOBHBIMH MaKPOCKOIIHUe-
CKUMH [TIapaMeTpaMu, 06BIYHO UCII0Ib3YeMBIMH IS
OIIMCAaHUS MHKPOCTPYKTYPHI Mo3ra. TakuM obpa-
30M, IpobieMy MOXHO CHOPMYJIHUPOBATH CIedyI0-
UM 06pa3oM: UCIIO0Nb3yst MeTobl MPT, MOSKHO oIie-
HUTb MaKPOCKOIIMYECKHH KO3QOULIHEHT NUPPy3UH
bronornyeckor TKaHU. KpoMe TOro, MOKHO OLI€HUTH
YyBCTBUTEIbHOCTb KO3bPULIeHTa AUPPY3HUU K 00B-
eMHOMU fojie BKIIOUYeHHBIX (a3, OTHOIEHUSI MUKPO-
CKOIIMYECKUX KO3 PUIIMeHTOB AUPPYy3UHU, HeyIIo-
PAAOYEeHHOU reOMEeTPHUHU JOMEHOB U KOHIIeHTPaLluH
IIPOTOHOB B PA3/IMYHBIX 0671aCTSIX.

[JoHMMaHHKe BIHSIHHS BCeX 3THX IIapaMeTpPoB Ha
IUdPy3HI0 BasKHO AJIs1 KIMHUYeCKUX IPHJIOKeHUH,
IIOCKOJIbKY HUX CYILeCTBeHHOe OTIMYHe OT CPeJHHUX
3Ha4YeHUH SBISeTCS NPHU3HAKOM I1aTOJOTHUYeCKHUX
COCTOSTHUH MO3Ta, YTO JlaeT BO3MOKHOCTb 0OHAPYKHU-
BaTh 3a60JIeBaHHU S Ha CAMBIX pAHHHUX CTaAUSX.

B skcriepumeHTax ¢ MPT nuddysus usMmepsercs
KaK 4acTh ocaabmeHUs CUTHAIA U3-3a JeKorepeH-
MU B $a30BbIX COABUIaX CIIMHOB MOJIEKYJ BOJBHI,

INTRODUCTION
Brain white matter can be naturally classified into
two domains: the intracellular space (ICS) and the
extracellular space (ECS). The ICS consists of a tightly
packed composite of axons, glia and their cellular
extensions, and the ECS is a jelly-like matrix which
separates brain cells. The ECS maintains the essen-
tial brain functions, such as intercellular communi-
cation, nutrient transport and drug delivery. The ECS
represents only ~20% of brain parenchymal volume
under normal conditions, but can contract and expand
dynamically with changes in the brain cell volume
during neuronal stimulation and on administration of
osmotic agents. Changes in ECS size and geometry are
followed by many pathological conditions indicating
ischemia, inflammation, and tumour progression.
Taking into account that the brain is a medium
composed of randomly arranged domains of different

BBI3BAHHBIX IIOCTYIIATeIbHBIM JBUKeHUEM B IIPU-
CYTCTBHH BHEIIHEero JIMNHEeHMHOI0 MarHUTHOTO II0JSI.
Ouddysuda 3agaer GyHOZaAMeHTA/IbHOE OrpaHHUYe-
HHUe Ha pa3pemeHue usobpaxkeHui B MPT, Ho,
OPyrOM CTOPOHBI, MOXeT o0b6ecrmeuruTbh KOHTPACT-
HBIM MeXaHM3M, KOTOPBIH [103BOJIsIeT BU3Yya/lU3HUPO-
BaTh CIIEKTP MOJIEKYISAPHOro cMeleHus. IIpu 3Tom
IpejIiosaraeTcs uaeaabHas CUCTeMa IpaJHeHTHBIX
KaTyLIeK ¥ KOMIIeHCHUPOBAHHBIE JIOKa/IbHbIe MATHHUT-
Hble HeOJHOPOLHOCTH [/I51 HeCMeIlleHHOM OLleHKH
napamMeTpoB JUGPy3uH. B mpoliiecce 3aTyxXaHUs CHUT-
Haja pejakcalys HaMarHUYeHHOCTH XapaKTepu-
3yetrcs npononabHbIM (T;) u nonepeunsiM (T,) BpeMe-
HaMH. Pelakcanysi Mo>keT OBITh Pa3HOM AJISI pa3HBIX
JIOMEHOB H3-3a H3MeHeHH s JIOKAJIbHOM HaMarHHYeH-
HOCTH. TeM He MeHee ITpU JUPPY3HU U 3a JIUTETbHBIN
[IepPHOJ BpeMsI 3aTyXaHHU s CUTHAIa MOXKeT OBITh OITU-
CaHO OJIHOM 3KCIIOHeHIMaIbHOM KPUBOMU C 3alaHHBIM
K03¢dULIHeHTOM TUPPY3HH:

S/SO = exp(—bDeff), oY)

rae b =y2G282 (A - §/3) - koadPUIHEeHT, orpeesieHHbIE
o ¢opmyne Crexxckaa-TanHepa [1, 21] (y aBasieTcst
THUPOMarHUTHOM IIOCTOSIHHOM, Sy KOHCTAHTa, CBsI3aH-
Hasl C BpeMeHaMHU pesaKkcalluH, A sIBIsSeTCsS BpeMe-
HeM 11O Py3uH U G ABISeTCA IPAaAHeHTOM MarHUT-
HOT'0 107151, XapaKTePH3yeMBbIM JAJIUTETBHOCTHIO J).

B mpeANpUHSATHEIX MOMNBITKAX MOAETHPOBAHHUSA
MHUKPOCTPYKTYPbl Mo3ra 651710 IOKa3aHO, YTO aHU-
30TPOIIHBIE CBOMCTBA Ko3douiueHTta guddysuu
XOPOIIO COTNACYIOTCSl C MOZEeAsIMU OTpaHUYEHHOH

phases, its effective macroscopical properties can be
described by the methods developed for the random
heterogeneous materials. Using modern magnetic
resonance imaging (MRI) techniques, unique infor-
mation about the organization of white matter, neuro-
nal pathways and their visualization can be provided.
Macroscopic properties can easily be acquired giving
an average measure of the underlying microstructure.
For example, the ECS volume fraction, p, and the effec-
tive diffusion coefficient, D¢, are the two major mac-
roscopic parameters commonly employed to give an
average description of brain’s microstructure. Thus the
problem can be formulated as follows: using the meth-
ods of MR, it is possible to evaluate the macroscopi-
cal diffusion coefficient in biological tissue. Further,
the sensitivity of the diffusion coefficient to the vol-
ume fraction of the comprising phases, the ratio of
the microscopic diffusion coefficients both within
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oudPysnu, ocobeHHO B peskuMe AJIHUTeNTbHOIO Bpe-
MeHHOro nepuoga. Takas Mozens 1UGPy3UH XOPOLIO
OIIMCBIBAeT AaHMU30TPOIIHIO U OTC/IeKUBAET BOJIOKHA
B 6eJioM BelllecTBe roJIOBHOTO Mo3ra. OOBIYHBII IO~
XOfI,, IPUMEeH sIeMBIH [J151 MOJle/TUPOBAHUS TeTeporeH-
HOI IIPUPOJI TKAHU T'OJIOBHOTO MO3Ta, 3aK/II0YaeTCst
B HM3y4YeHUM BOJIOKOH, IIpe[CTaBJIeHHBIX B BHUJe
LATHUHAPOB, PACIOJOKEHHBIX B PA3/IMYHBIX THUIIAX
CUMMEeTPHYHBIX PeIlleTOK, TAKUX KaK KBaJpaT UIHU
IIeCTUYTOJAbHUK, U HMCIIOJIb30BAHUU AN POKCHMA-
uuu 3¢ deKTUBHON cpeabl MakcBessia - [apHeTTa [2]
WU [10C/IeL0BaTe/IbHO-TIapaJlJIe/IbHOTO MPHUbIMIKe-
HHU4 [3]. B TakUX Mofensix TPYAHO BBOAUTD CAydai-
HOCTb B CTPYKTYype, KOTOpas o4YeHb eCTeCTBEHHA B
OHOIOrMYeCcKHX MaTepHaiax, HO COBepIIeHHO IIPOTH-
BOIIOJIOKHA KPHUCTAJ/JIAM TBepZOTro Tesa. HMcIonb3ys
MpefJ/Io’KeHHBIN B 3TOM CTaThe MOAX0A B IUPPy3HUH,
MO>KHO HCCJIe/IOBaTh HeyIopsiioueHHble b1onoruye-
CKHMe MaTepHaJibl U yUYUTLIBATh BIHUSHUE CIOXKHOMN
reOMeTpPHH U TOIOJOIUU Ha 3QPeKTHUBHBIE TPAHC-
nopTHble (1bPYy3MOHHBIE) CBOMCTBA TKAHHU.
TunuuHasgs nUdPy3sHoOHHO-B3BemeHHas MPT-
rnocjenoBaTenbHOCTh IIIII (3X0-IIIaHApHAs IIoC/Ie-
JO0BaTe/bHOCTD) [103BOJIsIeT I1071y4aTh KMHPOPMALIHIO
0 Jeda3rupoBKe CIIMHOB MOJIEKYJIBl BOABL B TeUeHHE
T4 =10+60 mc. KoapdunneHT camonudPy3suu YUCTOH
BOZBI IIPU TeMIepatype 36,6 °C paBeH 2,94-107° m?/c.
MBI cunMTaeM, YTO IIPUCYTCTBUE IJIMU-KJIETOK BO
BHEKJIETOYHOM IIPOCTPaHCTBE COrIacyeTcs C orpa-
HHUYeHHBIM K03 PUIIHeHTOM IUPPY3UH, KOTOPHIU
HIXe Ha 30%, yueM y cBO6OJHOM BOJBI IPU TeMIle-
paType Tena ¥ IpUMepHO paBeH 2-107° m?/c. Kpome

the cells and outside, the disordered geometry of
domains, and the concentration of protons in dif-
ferent areas of tissue may be evaluated. The under-
standing of the influence of all these parameters on
diffusion and spatial fragmentation is important
for clinical applications since their significant dif-
ference from average values are hallmarks of patho-
logical brain states giving the possibility to detect
disease on its very early stages.

In MRI experiments, diffusion is measured as a
part of the attenuating signal due to decoherence
of phase shifts of water molecules brought about by
translational motion in the presence of the exter-
nal linear magnetic field. Diffusion causes a fun-
damental limitation to MRI resolution, but on
the other hand can provide a contrast mechanism
which makes possible the imaging of the molecu-
lar displacement spectrum. It is supposed a perfect
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TOro, BHyTpUKJIeTouHasl U Py3us CUIBHO 3aBU-
CHUT OT HeHpopHUIaMeHTOB U MUKPOTpybodek H, cie-
JOBaTeJIbHO, MeHbIIe Ha 75% NudPy3uH BOAEL U OLle-
HHUBaeTcs Kak 0,75-107° m?/c. HMcrionp3ysi ypaBHeHHUe
Inbdysur DUHIITeHA (<x2> =2DTy), MOXKHO BBIYHC-
JIUTb CpefiHee CMellleHIe MOJIeKY/Ibl BOJ b (<x2>), KOTO-
poe paBHO 5 + 15 MKM. [IliaMeTp BOJIOKOH IIPHMEPHO
paBeH 3 MKM. CpefHee pacCTOSHHe MeX]Yy BOJIOK-
HaMH CJIy9alHO U HaXOAUTCS B UHTepBase 1+18 MKM.
Jlerko IMOHATH, YTO MOJIeKYJIa BOJBl 30HIHUPYyeT BCe
COCTaBJISIOL e KOMIIOHEHThI 6H0IOrM4eCKOM TKaHH,
a MPT-curHan maert ycpe,uHeHHHfI WU TOMOTreHH3U-
poBaHHBIH 5 deKT 3aTyxaHUA. UHCIeHHOe MOAeNIH-
poBaHHe mpolecca Aepa3rupoBKHU IBISeTCI LOBOIbHO
CJIIOKHBIM U TpebyeT 6O/NBIION BBIUMCIUTENIBHOMN
MOIIHOCTH. JleMCTBUTE/IBHO, €C/IH IIJIOTHOCTD BOJBI
0,995 r/cm? npu Temmnepatype 36,6 °C U MonsipHas
macca 18,01524 r/Moiib, TO B BoKceie (2 MM)3 HaXOoUTCS
270-10'8 monexyn unu 4,441-107* Moab. MoseKybl
BOJbI pa3MepoM 3,2 A UCIIBITHIBAIOT 10° CTONIKHOBEHUH
BO BpeMs npobera 15 MKM. OTPOMHOe KOJTHYeCTBO
CTaJIKUBAIOUIMXCS MOJIeKY/I BMeCTe C CU/IBHO HeO[HO-
POAHOM CTPYKTYPOU Cpefbl Cepbe3HO IpensTCTBYyeT
NPsIMOMY MOJEeTHUPOBAHUIO JUCKPETHOIO CAy4amn-
HOTO 6s1y>kAaHHUS. B 3TUX YCIOBUSX CPeHIO0 AUb-
dy3HI0 MOXKHO OLIeHUTbH TKU60 C IIOMOIBIO OOBIUHBIX
cxeM 3¢ eKTUBHOM cpensl (4, 5], ipesionaras IpyUH-
LIMIIBI CYIIepIO3UI MU (AIIIPOKCHMaLug MaKcBea -
TapHeTTa), 1160 UCIIONB3Ys CIIel[HaTbHYI0 TeXHUKY
[IPOCTPAHCTBEHHOIO ycpeAHeHU s [6-9].

B sToi1 paboTe MBI HcCClIelyeM CBSI3b MeXIY
JIOKAJbHBIMH U 3P PeKTUBHBIMHU (r/106aTBHBIMHU)

gradient coil system and compensated local mag-
netic inhomogeneities for the unbiased estimation
of diffusion parameters. However, in the process of
signal decay the relaxation of magnetization char-
acterized by longitudinal, T, and transversal, T,,
times is involved. Relaxation can vary in different
domains due to variation in the local magnetisa-
tion. Nevertheless, at long diffusion times signal
attenuation can be described by a single exponential
curve with a specific diffusion coefficient:

S/SO = exp(—bDeff), (1)

where b = y2G28% (A - §/3) is a factor defined accord-
ing to the Stejskal-Tanner formula [1] (y is a gyro-
magnetic constant, S, is a constant related to relax-
ation times, A is a diffusion time, and G is a mag-
netic field gradient characterized by duration ).
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Puc.1. a - uaarocmpauus cay4atiHol U 2emepozeHHOl cmpykmypbl 681020 eellecmad 20/108H020 M032a (nonepeyHwbill cpes); b — npo-
00AbHAS CMPYKMYpa aKcoHa: eHympeHHull duamemp akcoHa R, ; (1); eHewHul duamemp akcoHa R, (2); mueauHosas 060no4ka (3);
aKcoHanbHast mem6paHa (4); y3en Panabe (5); ¢ — nonepeuHas cmpykmypa akcoHa: dugoysus e ECS (D,); pagHosecHas ECS KoHLeH-
mpayus monekya 8odbl (c,); akcoHanbHas dugysus e ICS (D,) u dugdy3us e ICS 8 06ono4ke muenuHa (D). AKCOH U MUeAUHO8dsl
060n04Ka xapakmepu3sylomcs coomeemcmayowumu ICS KOHUeHmMpayusamu ¢, U Cy,. R, U R, 18A510MCcs 6HEWHUMU U 8HYMpPeHHU-
MU QuaMempamu akcoHa

Fig.1. a - illustration of random and heterogeneous brain white matter (transverse view); b - longitudinal structure of axon: axonal
inner diameter R, (1); axonal outer diameter R, (2); myelin sheath (3); axonal membrane (4); node of Ranvier (5); ¢ - transverse struc-
ture of axon: ECS diffusion (D,); equilibrium ECS concentration of water molecules (c,); axonal ICS diffusion (D,), and myelin sheath ICS
diffusion (D). Axon and myelin sheath are characterized with corresponding ICS concentrations c, and c,. R,, and R, are outer and

inner diameters of axon

IuQPY3HMOHHBIMU TPAHCIIOPTHBIMU CBOMCTBAMU U
OLleHMBaeM 4yBCTBUTEIBHOCTh KO3POULIEeHTa THUP-
¢y3uu K JOMUHHUPYIOIEeMy Habopy MUKpomapa-
MeTpOB: BHEKJIETOUHOM 00beMHON QpaKLHUU, BHE-
KIeTouHou nuddysuu, uddPy3sun MUelHnHA, AKCO-
HOB, CpeJlHero pasMepa aKCoHa, CpeJlHero pasmepa
MHEJTMHOBOH 000/I0YKH, IJIOTHOCTH BHEKIETOYHBIX

Previous attempts have been made to model the
brain’s microstructure. It has been shown that the
anisotropic properties of the diffusion coefficient
are in good agreement with hindered and restricted
models of diffusion, especially in the long time scale
regime. These diffusion models are also meaningful
for the description of anisotropy and fibre tracking in
the white matter of brain tissue. The usual approach
taken to investigate the heterogeneous nature of brain
tissue is to study fibres of packed cylinders arranged in
different types of symmetrical arrays such as a square
or a hexagon and use the Maxwell-Garnett effective
media approximation [2] or depict tissue as a set of
parallel cylinders and use the series-parallel approxi-
mation [3]. In such models it is difficult to introduce
a highly randomized structure which is very natu-
ral in biological materials but is quite the opposite of
the case in solid-state crystals. Using the approach

[IPOTOHOB, IIJIOTHOCTH IIPOTOHOB MHUeJIMHA U II/IOTHO-
CTH IIPOTOHOB aKCOHa. Llesb paboThl COCTOUT B TOM,
YTO6BI IPeAOCTaBUTh HHCTPYMEHT, OXBAThIBAOII M
OMHKCAaHHe BCero AHala3oHa epeMeHHbIX U Heol-
HOPOAHOCTeH, PIyKTYyHPYIOIIKX Ha HepapXUHU IIPo-
CTPaHCTBeHHBIX MacIITaboB. B cienyoneM pasgene
0OBSICHSIeTCSI CTPYKTYPHAsl MOZEJNb CAy4alHOIO

to diffusion proposed in this article, it is possible to
study disordered biological materials and take into
account the influence of the complex geometry and
topology on the effective transport (diffusive) proper-
ties of the tissue.

Based on the following description of the physi-
cal process, it is reasonable to guess that the effective
medium theory is applicable. The typical diffusion-
weighted EPI (echo planar imaging) MRI sequence
allows one to acquire information about the dephas-
ing of water molecule spins with durations ranging
from T4 = 10 + 60 ms. The self-diffusion coefficient of
pure water at 36,6° C is 2,94-107° m?/s. We believe that
the presence of glia cells in the extracellular space is
consistent with a hindered diffusion coefficient that is
lower than 30% of free water at body temperature and
is around 2-107° m?/s. In addition, intracellular dif-
fusion is strongly influenced by neurofilaments and
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reTeporeHHOro MaTrepuasna, KOTOpasl MPOHUJIIIO-
CTPUPOBAHA C IIOMOIIBIO Pa3bKeHHUs IPOCTPAHCTBA
Ha KBaJApaThl. 3aTeM CJIeAYIOT pe3yJbTaThl Kjac-
CHYeCKOH TeopuH AUOPY3UU U ee IPUMeHEeHHUS K
JIOKaJIBHBIM OLleHKaM AudPysuu. HakoHelr, peaniu-
3allMs MeTO[a PeHOpMa/IM3allMOHHOM Irpynimsl (PT)
BMeCTe C ero YHCJIeHHBIMHU pe3yabTaTaMU 06CyK-
JAIOTCS B IIOC/IeJHEM pasperle.

CTPYKTYPHASA MOJEJIb MO3IrOBOIO BEJIOI0
BELLECTBA

B 3TOM pa3fene MB B 06IIKUX YepTaX 0O6BICHUM
OCHOBHBIE IIOHSITHS MeTOa peHOPMau3allHOHHON
TPYIIBl U IPUMEHHUM HX K 33aJlade OLleHKH 3P dek-
THUBHOIo Kodpodunuuenrta fuPPy3uH MO3LOBOIO
benoro BemecTBa, MoJeIUpPyeMOro pa3brueHneM Ha
KBaJpaThl JBYMEPHOIO IPOCTPAHCTBA.

B n306paskeHUSAX THUCTOJOTHYECKOI0 CEUEHHU S
610IOruYeCcKo TKaHU (6e10ro BelecTBa rojioBHOTO
MO3Ta), II0JIYIYeHHBIX Ha 3/IeKTPOHHOM MHUKPOCKOIIe
MO>KHO OTUeTJIMBO Pacllo3HaTh Ba Habopa B CTPyK-
Type: MHe/JIMHOBble AaKCOHBI U BHEKJIETOYHYIO Iejie-
obpasHyio maTpuuy [10-12]. OnpeneneHue CTPyK-
TYPHBIX U 3 deKTUBHBIX PU3HUeCKUX (IUIPY3HOH-
HBIX) [IapaMeTpPOB MaTepHasla Co CIy4akHO pacipe-
JleJIeHHBIMH JIOKQJIBHBIMH CBOMCTBAMHU — JOBOJIBHO
clokHas obpaTHas 3ajgada. [103ToMy 06BIYHO BBO-
OSTCSL HEKOTOpble YIIPOILAMIie UCXOOHYIO IIPO-
61eMy IpefIoaoXkeHHUsI. MHeJTHHOBBe aKCOHBI
MOXXHO PacCMaTPHUBATh KaK LIUIHUHAPBI, KOTOPhIe
CTAaTUCTHUYeCKH OJHOPOAHO U U30TPOIIHO pacIpe-
JeseHbl B MaTpulle ¢puronga. CHMMeTpPHUS 3a4a4u

microtubules and thus less than 75% of free water dif-
fusion, estimated as 0.75-107° m?/s. Using Einstein’s
diffusion equation (<x2> = 2DTy) it is possible to calcu-
late the average translation <X2> of water molecules,
which is around 5 + 15 pm. The diameter of the fibres
varies by about 3 pm. The average distance between
fibresis around 1+ 18 pm. It is easy to understand that
the water molecule probes all tissue compartments
and the MRI signal gives an averaged or homogenized
effect of attenuation. Numerical simulation of the
dephasing process is rather challenging and takes a
lot computational power. Indeed, if the density of free
water is 0.995 g/cm? at a temperature of 36.6°C and
molar mass is 18.01524 g/mol, then in a voxel (2 mm)?
there are around 270-10'® molecules or 4.441-107% mol.
Water molecules of size 3,2 A experience more than 106
collisions during the travelling distance of 15 pm. The
huge number of colliding molecules together with the
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I03BOJIsSIeT Pa3bUTh CUCTeMY Ha OpTOroHa bHBbIe 1d
nponoabHble U 2d MmomepedHble IIOAIPOCTPAHCTBA.
3aTeM [/l MaTeMaTH4YeCKOH OLleHKH OPTOTOHAJIb-
HBIX IIPU3HAKOB TKaHb MOKeT O6bITh 0TOOPaskeHa Ha
KBaJApaTHble pa3bueHus (puc.la). [IpefmonokuUM,
YTO YepHble KBaJpaTHbIe O/I0KH OMKCHIBAIOT CBOK-
CTBa MHUeJHHOBaHHOro akcoHa (ICS), a 6enble KBa-
OpaTHBIe OJOKK OTHOCSTCS K MaTpulie purouga
(ECS). Takum obpa3som, beyoe BelecTBO IpeACcTaB-
nseTcsl B BUJe Iy4YKa UUJIHUHAPOB (MHEIHHOBBIX
aKCOHOB), CIY4aMHO BHeJPEeHHBIX B MaTpUILly, U
MO>XKeT PacCMaTpPHBAThC KakK AByxdpa3Has cpena,
rae ogHa U3 ¢a3 (akcoHH) ob1agaeT COCTAaBHBIMU
CBOMCTBaMH.

AHaTOMMYeCKHe cpe3bl 6es0ro BemecTsa IIoKa-
3BIBAIOT, YTO MHeJIHHOBasl 060/I04Ka HEHPOHOB
MMeeT KOHEYHYIO TOJNIIKHY, U IPOAOJIbHAS CTPYK-
Typa aKCOHA IIOCTPOeHA M3 CJIefyII X KOMIIOHEeH-
TOB: MHeJIMHOBas 0607104Ka, KOTOpasi XapaKTepH-
3yeTcsi BHyTpeHHUMU (R,), U BHemHUMHU (R) AHa-
MeTpaMH, aKCOHHOM MeMOpaHOM U y371aMH PaHBbe
(puc.1b). [uddys3us yepes MHUeTHH 3aTPyAHEHA
OBOMHBIMHU CJIOSIMH JTHIIHUJA0B U OTHAeJIbHOMN 060-
nouxkor MembpaHsl. [Ipy MoeIMPOBAHUHU CBOKCTB
OeJyloro BelecTBa MOXKHO OIpeJeINTh IPOHUIIae-
MOCTb HelPOHa, IOCKOJbKY KOMOMHHUPOBAHHBIH
3¢deKT Ipu onpefeneHUH ycpeAHeHHON A1ubdy3nun
BKJIIOYAeT BIMSHHE BCeX IIOACTPYKTYP.

Ha puc.1lc nmomepeuHasi CTpPyKTypa aKCcoHa U306pa-
>KeHa C 3aJaHHBIMU IapaMeTpaMu auddysuu (D,)
Y PaBHOBeCHOM KOHIleHTpalllel MOJeKYJ BOLBHI,
C. ons ECS; B To ke Bpemsd ICS xapakTepu3syerTcs

highly inhomogeneous structure of the environment
seriously hampers the direct modelling of the discrete
random walk. In these circumstances, the mean dif-
fusion can be estimated either by the conventional
effective media schemes [4, 5], supposing superposi-
tion principles (Maxwell-Garnett approximation) or
dedicated spatial averaging technique [6-9].

In this work, we explore a bridge between local and
effective global diffusive transport properties and esti-
mate the sensitivity of the diffusion coefficient to the
dominant set of micro-parameters: extracellular vol-
ume fraction, extracellular diffusion, myelin-sheath
diffusion, axon diffusion, mean size of axon, mean
size of myelin-sheath, extra-cellular proton density,
myelin-sheath proton density, and axon proton den-
sity. The goal is to provide a tool that is useful for the
entire composition range with heterogeneities occur-
ring at multiple length scales. In the next section the
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akcoHanbHBIM (D,) u MuenuHOBHM (D) K03ddu-
LHeHTaMHU JUOQY3UH K KOHIEHTPALUSIMH C, U Cpy
COOTBETCTBEHHO.,

PaccmoTpuM ABYyxda3HYIO CTPYKTYpy, 3aIoJ-
HSIIOIIYIO IIPOCTPAHCTBO PeryIsSpHBIM pa3bueHueM,
YbH OTZeJIbHEIe Oesble U YepHbIe KBaJpaTHEIe OI0KU
npexncTaBiasiioT coboit nubo ECS, nubo ICS (prc.2a).
Takoe pa3bueHHe MOXeT pacCMATPHUBATHCI KakK
Habop NPUMHTHUBHON SiYelKU BUTrHepa-3eiTua.
IIycTs obmas obbemHast monst ECS (6enble 6;10kHM Ha
pHc.2a) B KOMIIO3UTe OyZeT paBHA P,. 3aTeM 4YacTh
benbIx 6/10K0B 06nanaeT BepxHel rpanuliel (U) nud-
oysumu. ICS 3aHuMaert gomio (1-Ppy) I/IA06JIeAuLaeT HUXK-
Hel rpaHuued (L) nudoysun. Iycts DV u D - 1oKkans-
Hble AUPPY3UH YUCTBIX a3 U 1 L UbK CBOMCTBA OIIpe-
IesI0TCS TUHEHHBIMU yPaBHEHHUSIMU COCTOSIHHSI.

JlokasipHOE pacIpefiesieHHe BEpOSTHOCTe! K03 du-
LIHeHTOB JUGOY3HUU 115 TOro pa3breHuUs:

P, (B(E)) = (1-p,)8(D(E) DS +p,8(D(E) DY) @

’

rue §(]§) - QyHKUMS Jlupaka, U IpeAronaraercs,
uyto D§ = DY u D§ = D*. 3Ta pasbueHue ofHOPOLHO
B MacmrTabe oToenbHOro 610Kka 6emoro KBagpara u
reTeporeHHa s 60Kka YepHOro KBajaparTa, Ipen-
CTaBJISIOIIEro aKCOH, IIOKPBITHIE MHEJIMHOM. BmecTo
OTZIeNIbHBIX O/I0KOB perrpe3eHTaTHBHAS IPYIIIIa CMeX-
HBIX OJIOKOB MOSKET CYUTATHCSI OCHOBHBIM CTPOUTENb-
HbIM 6710KOM pa3bueHus. Takas IpyIma, Ha3blBae-
Masi IepeHOPMHUPOBOYHBIM KJIACTEPOM, MOSKET COLep-

KaTh M06yI0 BO3MOKHYIO KOHPHUrypanuio ¢as H,

structural model of random heterogeneous material
is explained and illustrated with the help of a square
tessellation. This is followed by results on the classical
theory of the diffusion and its application to local esti-
mations of diffusivity. Finally, the implementation of
the renormalization group (RC) method together with
numerical results is discussed in the last section.

STRUCTURAL MODEL OF WHITE MATTER
In this section we explain the basic concepts of the
renormalization group method in general terms and
apply them to the problem of evaluating the effective
diffusion coefficient of brain white matter modelled
by a square tessellation filling two-dimensional space.
In electron-microscope images of the histologi-
cal cross-section of biological tissue (white matter of
the brain) it is possible to recognise two distinct sets:
myelinated axons and the extracellular, gel-like matrix

CJIeZI0BAaTeIbHO, MOXKeT OBITh OHOPOJHOM UJIH reTe-
POTeHHOM B 3aBUCHUMOCTH OT TOTO, COLEPKUT U OHA
omHY da3y unu obe dassl. Ha puc.2b npuBeseHs! Bo3-
MOSKHBIe KOHQUTYPALK PEHOPMHPYeMOro KJIacTepa
IJ1s1 KBaJpaTHOro pa3bueHus. [lepeHOpPMHUPOBOUHBIE
KJIaCTepbl MOTYT BapbHUPOBATHCS IIO Pa3Mepy, HO
0OBIYHO BBHIOMPAIOTCS CHMMETPUUYHBIMH, YTOOH
YAOBJIETBOPUTH U30TPOIIHOCTH Pa3breHUs Ha Kak-
JOM 3Talle IIpoliecca epeHOPMHUPOBKHU. KiacTep,
IIOKA3aHHBIN Ha pUC.2b, IBIsSeTCS CAMBIM MaJjeHb-
KUM, HOAXOLSIIUM /I KBALPATHOrO pa3breHus.
Yucio 6710KOB B IIePeHOPMUPOBOUHOM KiacTepe L4,
rae d - 3To pa3mMepHOCTb pa3bueHus u L-macmTab
JUIMHBI KJacTepa. Tak Kak MacmTab JIHHB e JUHUY-
Horo 6710Ka pa3breHUs IPOU3BOIBHO IPUHHUMAETCS
32 eIUHHULY, TO L - 3T0 AIMHA MacmTabUpOBaHHUS.
Hanpumep, L a5 knacTepa, II0Ka3aHHOIO Ha puC.2b,
paBHoO 2.

Llenpio Mmpoliecca NepeHOPMUPOBKHU SIBIISIETCS
3aMeHa HUCXOJHOIO reTeporeHHoOro pasbueHus
3KBUBAJIEHTHBIM OJHOPOAHBIM pa3bueHHeM,
3¢ PeKTHUBHBIN KO3 OULIHMEeHT NI Yy3HUH KOTOPOro
IoJI>RKeH OBbITh ompenesnieH (puc.2b). 9To mocTUraeTcs
IIOCPeACTBOM OIlepPallUU IIOCJIELOBATEIbHOTO
ycpenHeHUs B MaciiTabe peHOPMTIPYIIIOBOrO Kila-
CTepa, TaK YTO Ha KasK/IOM Ilare I10JIy4aeTcss HOBOe
pacmpeneneHHe BepOsITHOCTH. [Ipenmonaraercs,
YTO MOPQOJIOTHS COXPAHSsET CBOM 6eCIopsgoK Ha
Ka’kJoM IIare, a pacmpejesneHHe BepPOSITHOCTH
BCeria COCTOUT U3 psfa AenbTa-QyHKIUU. Ilocie
N MepeHOPMUPOBOUYHBIX NIAT0OB Pacrpe/eneH e
nonydaet Buj P (D(1)).

(10-12]. Defining structural and effective physical (dif-
fusion) parameters of a material with randomly dis-
tributed local properties is a rather complicated task.
Hence we introduce some simplifying assumptions.
Myelinated axons can be treated as cylinders which
are homogeneously and isotopically statistically dis-
tributed in a fluid basin. The symmetry of the problem
allows us to split the system into orthogonal 1d longitu-
dinal and 2d transverse subspaces. Then for the math-
ematical evaluation of the orthogonal features, the tis-
sue can be mapped on a square tessellation (Fig.1a). We
supposed that the black square blocks describe proper-
ties of the myelinated axon (ICS) and the white square
blocks belong to the fluid matrix (ECS). Thus, the white
matter is represented as a bundle of cylinders (myelin-
ated axons) randomly embedded in the matrix and can
be treated as a two-phase medium, where one of the
phases (fibres) has composite properties.

VoL.12 No. 3-4 (90) 2019 NANO INDUSTRY
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Puc.2. a - omobpaxkeHue cay4aliHozo U 2emepozeHH020 6eA020 BeLecmea 20A108H020 M032d HA K8adpamHoe pazbueHue: benbie
U YepHble baoku npedcmasasitom cobol aubo ECS, aubo ICS; b - ocHo8Hbie KOHU2YpauUU peHOPMAAU3AULOHHO20 KAGcmepd; C =
npouedypa peHopmManu3auyuoHHoU 2pynnbl: N0CAeA08amMeAbHOCMb onepayull ycpedHeHus macuwmabos Pl kaacmepa; d = yHKyus
CB8513HOCMU U ee Npou3800HAs!

Fig.2. a - mapping of the random and heterogeneous brain white matter onto a square tessellation: white and black blocks represent
either ECS or ICS; b - basic configurations of the renormalization cluster; ¢ - renormalization group procedure: a sequence of averaging

operations at the scale of the RG cluster; d - connectedness function and its derivative

B obmreM ciydae noboe pazbueHue IepeHOPMHUPY-
eTCs IyTeM 3aMeHBI KaskI0ro IIepeHOPMUPOBOUHOTO

Anatomical sections of white matter reveal that a
myelin sheath of neurons has a finite thickness and a
longitudinal structure of axon is built from the follow-
ing components: myelin sheath, characterized by axo-
nal inner, R,, and outer, R, diameters, and the axo-
nal membrane and nodes of Ranvier (Fig.1b). Diffusion
across myelin is hindered by layers of lipid bilayers and
separate membrane skin. In the modelling of proper-
ties of white matter, it is possible to determine the per-
meability of neurons as a combined effect influencing
all substructures. In Fig.1c the transverse structure
of axon is depicted with assigned parameters of ECS
diffusion, D,, and equilibrium concentration of water
molecules, c,; ICS is characterized by axonal, D,, and
myelin sheath, D, diffusion coefficients and concen-
trations c, and c,, correspondently.

Consider a two-phase structure with a space-fill-
ing regular tessellation, whose individual white and

HAHO MHOVCTPHA Tom 12 Ne 3-4 (90) 2019

KiacTepa 61oxkom, Koapdunuent nuddys3unu Korto-
poro skBUBaJIeHTeH 3¢ PeKTUBHOMY KO3OPHUILIMEHTY

black square blocks represent either ECS or ICS (Fig.2a).
Such a tessellation can be treated as a set of Wigner-
Seitz primitives. Let the overall volume fraction of ECS
(white blocks in Fig.2a) in a composite be p,. Then, a
fraction p, of the white blocks possess an upper bound
(U) of diffusivity. ICS occupies fraction (1- po) and | pos-
sess a lower bound (L) of diffusivity. Let DU and D! be
the local diffusions of pure phases U and L whose prop-
erties are defined by linear constitutive equations.

The local probability distribution of the diffusion
coefficients in this tessellation is:

Py (D(t))=(1-p,)8(D(¥)-D§ )+ p,8(D(1)-DY), @

where 8(D) is the Dirac function. It is supposed that
DL = DY and DY = DY. This tessellation is homogeneous
on the scale of an individual white square block, and
heterogeneous for the black square block representing
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nuddy3uu 3TOro IepeHOpMUPOBOYHOrO KIacrepa. B
pe3yJbTaTe 3TOro IIpeobpa3oBaHUs CpeHUI pa3mep
KJIacTepa §,; CBSI3aH C §, ypaBHEHHEM:

€n+l = gn/L' (3)

To eCTb KaXAbIH WAl PEHOPMATHU3ALUHA YMEHb"
maet o6beM pasbuenus Ha 1/Ld mockonbsky L4 610K
3aMeHseTCsl OAHUM SKBUBAJIEHTHBIM 610KOM. Eciiu
I0CJIe T > 00 WIATOB, § . CXOLUTCS K HYJIIO, IIPOLIECC
3aBepuaercs. Ha aToMm stame pasbueHue SBISETCS
OJHOPOAHBIM U IPUHHUMAET OfHO U3 BO3MOKHBIX
DY, wiu DL, smavenuii u P, (D(T)) npubnusu-

n->oo n->oo

Te@JIBHO 3aJaeTCs:

novan(

A s A

Ppse(D(E)) = S(DEF) - Degy), (@)

rae lseff = ]A)‘rﬂLw - 30PeKTUBHBIN KO3OPUIIUEHT AUP-
by3uu KOMIIO3MTA, KOTOPHIHM OIllpesesieH Teope-
THYeCKOM MOJelbl0. JTa MpoLeAypa IIepeHOPMHU-
POBKHM, 4acTO Ha3blBaeMasl IPOpPeXXUBaHUEM, Opl1a
BIIepBble IIPe/jIoskKeHa A/ IePKOISIUU II0 y3JIaM
PeliHOMBACOM U AP. [13].

Jl71s1 ocyIecTBIEHUS IIpoliecca IIepeHOPMHUPOBKU
HeobXOI MO OIIpeie/INTh BCe BO3MOKHEIE PACII0JIO-
SKeHH I YepHBIX U bebIX ¢pa3 B IepeHOPMHUPOBOYHOM
Ki1acTepe. Komu4yecTBO BO3MOXKHBIX KOHQUTYPALIUH X
da3 B K1acTepe meperopmuposku Ld-610ka pasHo X,
[TocKONBKY 3aaHue da3 Ays 6JI0KOB SIBISIETCS CIIy-
YalHBIM, BEPOSITHOCTh BOSHUKHOBEHU SI KOHKPETHOH
KOHPUTypalluHu ¢a3 B MepeHOPMHUPOBOYHOM Kila-
CTepe oIIpefie/IsieTCs IPOM3BeleHHUeM CTAaTUCTUYeCKHU

axon covered by myelin. Instead of the individual
blocks, a representative group of adjacent blocks can
be considered to be the primary building block of
the tessellation. Such a group, called a renormaliza-
tion cluster, may contain any conceivable configu-
ration of phases and hence could be homogeneous
or heterogeneous depending on whether it contains
one phase or both phases. Fig.2b provides possible
configurations of a renormalization cluster for the
square tessellation. Renormalization clusters can
vary in size but are normally chosen to be symmet-
rically shaped in order to maintain the isotropy of
the tessellation at each step in the renormalization
process. The cluster shown in Fig.2b is the smallest
one suitable for the square tessellation. The number
of blocks in a renormalization cluster is L4, where
d is the dimensionality of the tessellation and L is
the length scale of the cluster. Since the length scale

He3aBHUCHMBIX BepOSITHOCTEH BOSHUKHOBEHHUS da3 B
6/10KaX, COCTABIISIIONIMX KIACTEP.

[IpenronokuM, 4To reometpusi ECS mosBonser
IepeMeIaThCsl C O HOM CTOPOHBI IIePeHOPMHPOBOY-
HOTO KJIacTepa Ha NPOTHBOIIONIOXKHYI0, He IPOHU-
Kas B IpyTryio ¢asy. Torma, npuMeHssl TaKoe yCiIo-
BHe K Pa3HBIM peajH3alUsM JIBYXKOMIIOHEHTHOM
CHCTeMBI, MBI MOKeM OITHMCAaTh CBSI3bIBAIONIHUI KJIa-
CTep YCTIOBHBIM KOHEYHOMEPHBIM pacIpesie/leHHeM
R(p). BeposiTHOCTB 1-R(p) AeHCTBUTeIbHA JJ15 AOIIOJ-
HUTEJIBHOTO CIIydas.

dyHKIUSA CBSI3HOCTH R(p) Ast knactepa "2x2" PT
MosKeT 6bITh BbIpaskeHa ypaBHeHHeM IIOJTMHOMA

R(p) = p*+4p3 (1-p) +2p2 (1 - p)2. (5)

YpaBHeHHe 5 OBIIO IIOCTPOEHO 10 CAEAYIOMHUM

IIpaBUJIAM:

* BEpOSITHOCTBb TOTO, YTO YeThIpe, TPHU U IBa besbIX
KBa/IPaTHBIX 6710Ka IPUCYTCTBYIOT B CBS3BIBAIOLIEM
Knactepe paBHbl p4, p? (1-p) u, p?> (1 - p)?, cooTBeT-
cTBeHHO (puc.2b);

* [J15 OIIMCAHUS CBI3HOCTU IIPOTUBOIIOIOXKHBIX CTO-
POH IOCTYIIHBI TOTBKO 3TH KOHPUTYPALIUH;

* BEPOSITHOCTb CBSI3HOCTH BBIYMC/ISETCS MyTeM
(tabin.1): (@) yMHOKeHHUS BEPOSITHOCTH TOIO, YTO
r-p1i1 6710K CymIecTByeT Ha KOMHYECTBO g KOHGU-
rypauu# 6;10koB; (b) cyMMUPOBAaHUS STUX [IPOU3-
BeJleHUH I10 BCeM M KOHQUTypauusaM (Kraccam)
6710KOB.

Bcs mpomemypa MOCTPOeHHS BepPOSITHO-
cTu u3obpaskeHa Ha puc.2b. [Tocse ynpomeHus

of the unit block of the tessellation is arbitrary, L is
the scaling length in the process. For example, L is
equal to 2 for the cluster shown in Fig.2b.

The aim of the renormalization process is to
replace the original heterogeneous tessellation by
an equivalent homogeneous tessellation whose
effective diffusion coefficient is to be determined
(Fig.2c). This is achieved by a sequence of averaging
operations at the scale of the renormalization clus-
ter so that a new probability distribution is obtained
at every step. The morphology is assumed to retain
its disordered nature and the probability distribu-
tion is always composed of a series of delta func-
tions. After n renormalization steps, the distribu-
tion is P, (D(F)) with corresponding tessellations. In
general, any tessellation is renormalized by replac-
ing every renormalization cluster by a block whose
diffusion coefficient is equivalent to the effective

VoL.12 No. 3-4 (90) 2019 NANO INDUSTRY
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Tabauya 1. CmpykmypHble U duddy3uoHHble napamempbl KAacmepa ces3Hocmu
Table1. Structural and diffusive parameters of cluster of connectedness

n+l

dddekTnBHas apuddysus, DY/
Effective diffusivity, D,°/~ ™

BeposTHOCT, Ik BbipoXxaeHue, g,

Degeneracy, g,

Probability, rk

I (-p,)* 1 DL "

I ph(1-p,)3 4 (DL "Dy "+ DE"(DE "+ DY ™) / 2(DE "+ DY ")
I pa(1-p,)* 4 (DL DY ") / (DL "+ DY M)

v pr (1-py)* 2 (DE"+DY M /2

v pa(1-p,)* 4 (2Dy "Dy "+ D (D "+ D" M) /2(Dy "+ D" ")
VI Ph 1 Dy "

IIOJITMHOMHAJIBHOIO COOTHOIIEHHUSI B ypaBHEHUH
(5) monyuum:

R(p) =2p?-p*. 6)

Ecnu y4ecTh CBOMCTBA NTIepPeHOPMHUPYeMOCTH, TO
IPHUXOAUM K yPaBHEHHUIO

Pns = 2P5 - p?v @)

I7le 1 - ypoBeHb KJIacTepa IepeHOPMHUPYyeMOCTH.
KopHU (pelleHMs) UIM HENOABUXKHBIE TOUKH

anrebpanyeckoro ypaBHeHHUs (7), KOTOpBle IIPHU-

HagaexXaT K QU3uYeCKH 3HAUMMOMY AHAIA30HY

diffusion coefficient of that renormalization clus-
ter. As a result of this transformation, the mean
cluster size, §,,;, is related to §, by equation:

€n+1 = gn/]-“ (3)

That is, each renormalization step reduces the
volume of the tessellation by 1/L4 because L4 block is
replaced by a single, equivalent block. If, aftern -»
steps, &, comes arbitrary close to zero, the process
is complete. At this stage, the tessellation is homo-
geneous and takes one of the possible DY or D

n->o n->o

values, and me(]ﬁ(?)) is approximately given by:

A A

Ppreo(D(E)) = 8(D(F) - Degy), @

where D¢ = DUL_ is the effective diffusion coeffi-

n->oo

cient of the composite being modelled.
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(0=p+<1), sBasiroTcs p+ = {0,0.618,1}. IlepBBIK U Tpe-
THU KOPHU IIPeJCTaB/sIOT CO60H 3aHSITHIE U CBO-
bomHbIe pelIeTKH (IIOJTHOCTBIO 3aHSTHIE UJIH IIyCThIe
npesensl). ITH Mpefelbl Ha3bIBAOTCA "yCTOMYH-
BBIMU" U/ "OLHOPOAHBIMU", IIOCKOTBKY PEKYPCHB-
Has IIpolieflypa Als pelleHUs ypaBHeHUs (7) IpU-
BOJUT K OHOMY M3 3THUX IIpeJeIoB IIyTeM I0CIIe-
IOBaTeIbHOIO YMeHbIIeHUS Ga3bl. B 3THX TouKax
CHCTeMa IPOosIBJIsieT TPAHCASLHUOHHYO CHMMe-
TPpHUIO, a "yCTONMYHMBBIE" HENOABHKHbBIE TOUKHU ITPeJi-
CTaBISIOT c060M "cTOKU". BTopas HemoABUKHAS
Touka p- = {0,618} o603HauaeTcs KaK "HeyCTOMYHU-
Basl' WM "HCTOYHUK' IIOTOKA IIapaMeTpa Ilepe-
HOPMHUPOBKH P,,.

This renormalization procedure, often referred to as
decimation, was first proposed for site-percolation by
Reynolds et al [13].

In order to carry out the renormalization process, it is
necessary to identify every possible arrangement of the
black and white phases in the renormalization cluster.
The number of possible configurations of x phases in a
Ld block renormalization cluster is x1*. As the assign-
ment of phases to block is random, the probability of
occurrence of a particular configuration of phases in the
renormalization cluster is given by the product of the
statistically independent probabilities of occurrence of
the phases in the blocks constituting the cluster.

Suppose the geometry of ECS allows one to travel from
one side of the renormalization cluster to the opposite
one without penetrating the other phase. We apply such
a condition on different realizations of two-component
system, and we can describe the spanned cluster with a
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Ecnu KoHIeHTpalus a3 KOMIIO3HUTA 3aZaHa
TOYHO HEeYyCTOMYMNBOMN HEIOJBHUKHOIM TOUKOM, TO
CpefHHM pa3Mep KiacTepa 6ecKOHe4YHO 60/IBIION.
CnemoBaTenbHO, A/151 IePEHOPMHPOBAHHUS TaKOM
reTeporeHHOM CHCTeMbl TpebyeTcsi 6eCKOHEUHO
6obIIOe KOJIMYECTBO MIAroB UTepalui. TakuMm
o6pa3om, KOJIHMUYeCTBO IIaros, TpebyeMbIX B IIPO-
Liefype IepeHOPMHUPOBKHU, YBeJIHUUYKBAETCS C yBe-
TUYeHHEeM pa3mMepa KlacTepa I10 Mepe mpHubauxKe-
HHUSA Py K HEYyCTOMYHBOM TO4YKe,

dyHKU M CBI3HOCTH R(p) U ee mpou3ssoaHas R'(p)
n3obpaskeHbl Ha puc.2d. MakCHMaJIbHOE 3HaUeHHe
R'(p) HaXOAUTCSL B OKPECTHOCTH PUKCHUPOBAHHOM
TOYKH p-= 0,618. TOHKHe IIYHKTUPHbIE THUHUH, COe-
OUHSoOMYe 6uCcCeKTPUCY U PYHKIIHMIO CBSI3HOCTH, ~
3TO IIepeHOPMHUPOBKa 06’be MHOM JO/IH P, COIIACHO
ypaBHeHHIO (7). B HemocpeACTBeHHON 61H30CTH
p- = 0,618 cucTteMa obysamaeT CBOMCTBAMHU CaMO-
nonobus U MOXKeT pacCMaTPHUBAThCS KakK CTOXaCTH-
YeCKUM ¢paKTan. B6IM3K HENMOABUKHON TOUKHU
TUIHUYHBIN pa3Mep JHHENHOro KjacTepa (MIH
KOppeIsSLMOHHAas ANKHA) { = L? pacXoJUTCs KaK:

-, (8)

§~|p-p-

Y II0Ka3aTeaH KOPPeNsSIMOHHON QYHKIIUH MOLYT
OBITH OLIeHEHBI C IIOMOIIBIO ypaBHEeHHUS (7)

_1
(R(p) -p") =LY(p-p"), 9)
eC/Iu OJjis Hpouecca HEPEHOPMI/IPOBaHI/IH HpI/IHHTO
HpaBI/IJIO

joint conditional finite-dimensional distribution R(p).
The probability 1-R(p) is valid for the complementary
case.

The connectedness function R(p) for the "2x2" RG clus-
ter can be expressed by the polynomial equation

R(p) =p*+4p*1-p) +2p*1-p)_. (5)

Eq. 5 was constructed according to the following

rules:

« The probability that four, three and two white
square blocks (Fig.2b) are present in spanned clus-
teris p*, p>(1-p) and p? (1 - p)?, respectively.

« Only those configurations are available to repre-
sent the connectedness of the opposite sides to
characterize the spanned cluster.

« The probability of the connectedness is then
computed by (Table 1): (@) multiplying the

§(R(p)

o) =L, (10)

PP

coxpaHsIomeecs A1 KaskAOro ypoBHS MaciiTaba.
Kputuyeckas olleHKa 9KCIIOHEHTHI U3 ypaBHeHUs (9)
cocTaBisieT npubnusurtensHo 1,64, TakuM ob6pasom,
IHATIa30H MaCIITabHPOBAHUS KOPPeISILIMOHHOM JTUHEI
reTepOreHHOr0 KacTepa HaXOMUTCS B IIpefieiax

b=<§(p) <], 11)

rae | - Makpockonuyeckun pa3mep obpasna. B obia-
CTH P < P- KOpPpesLiMOHHas AJIKMHA pe/CcTaBiseT
cob0¥1 TUITMYHBIH IMHENHBIN pa3Mep "ocTpoBoB" ECS,
OKPY>KeHHBIX ITy4KaMH BOJIOKOH, a KOIrfa p > p-, KOp-
pensiiMOHHAs AJUHA IIpe/CTaBiseT CO60M TUIINY-
HBII JIMHENHBIN Pa3sMep CIPYIIHPOBAHHBIX BOJIO-
KOHHBIX ITIy4KOB, BCTPO@HHBIX B MaTpUILy QIIOUA.

NOKAJIbHBIE LUOOY3UOHHBIE CBOWCTBA

ITocKoJIBKY MBI pacCMaTpHBaeM AU Yy3HI0 lA)(?) B CTa-
IIHOHAPHOM peskHhMe 6e3 IOIOTHUTETbHBIX HCTOKOB
MOJIEKYJI BOJBI, TO IOKAJIBHO B KasKIOHM TOYKe reTepo-
TeHHOM Cpefbl 3aKoH Jlamaaca (KOHCEPBATHUBHBIN U
[IOTeHIIUAJIbHbI)

2> >

VD(F)Ve(@) = 0 (12)
¥ 3aK0oH ®PHrKa (IMHEeHHOe OTHOIIEeHUE COCTOSHUS)

J (r) =-D (r) V() (13)

probability that rXblocks are extant with the
number of g blocks configurations; (b) sum-
ming these products over all m block (class)
configurations.
The whole procedure is depicted in Fig.2b for the
conditional probability function.
After the simplification of the polynomial relation
Eq. (5), the general equation becomes:

R(p) = 2p2 - p*. (6)

If we take into account the renormalization proper-
ties, then

Pna =2P5 - pr 7)

where n is a level of the renormalization cluster.
The roots (solutions) or fixed points of the alge-
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BBITIOJTHAKOTCS BMeCTe C YCJIOBHUSIMU HeIlPpephIBHOCTH
Komiu Ha rpaHulie IByX ¢as 81"1 u 81"2 oS HOJ‘IH(B)TBL.
JIJ1s1 HOpMaJIBHOH COCTABJISIONIEH [TOTOKA MacCHl J;(T)
Ha IpaHUIIe [IOBePXHOCTH pa3zesa a3 BRIIIOTHSIeTCS

J (@) | ar,~ ]ﬁ(?) | ary’ (14)
Y QHAJIOTHYHO /I/1s1 KOHLIEHTPAI[UH CIIPaBeJINBO
> -
c(r) |or,= (@) o, (15)

JlJ1sl TeOMeTPHUH, OITHMCAHHOM Ha puc.lb,c, rpaHuY-
Hble yciioBus (ypaBHeHHU (13, 14, 15)) UMeIOT BUL,:

Cn(T)=c, (), =R,

cm(f)=ce(f), r=R, )
D, op, 1%, v, g
D, (F) acglfff) -D.(F) acaeéf), =R,

3h4ech MBI IIPEAIIONIOKUIIN, YTO TeMIIepaTypa U
XUMHUYecKasi aKTUBHOCTb OLHOPOJHBI I10 BCEMY 00~
eKTy, a IBMIKYIIel CUJIOHN MaccollepeHoca SIBIseTCs
TOJBKO QYHKIIMS KOHLUEHTPALMU. B peasbHOM ClIy-
Yae aKCOHBI TOKPBITH MUEITHHOBOM 000/I04UKOH, IIpe-
pBIBaroLIerics y3naMy PanBbe. Obe 3TH KOMIIOHEHTHI
HUTPAIOT PO/Ib B 3JIeKTPUYECKHUX CBOMCTBAX aKCOHA
U IIepefaloT HEMPOHHBIN CUTHAA. MHeIUH UMeeT
OYeHb IVIOTHYI CTPYKTYPY, YTO IPHUBOJHUT K He3HA-
YUTeIbHON nuddysuu (0,3-107° m?%/c) o CpPaBHEHHIO C
TaKOBOM [JI51 3KCTPa- MJIM HHTPaaKCOHHOro Gaouma.

braic Eq.(7) that belong to the physically meaning-
ful range (0<p+<1) are p-= {0,0.618,1}. The first and
third roots represent the pristine and vacant lat-
tices (completely full or empty limits). These limits
are referred to as being "stable" or "homogeneous"
because the recursive procedure for solving Eq.(7)
drives the configuration to those limits through
successive reduction of the minority phase. At
these points the system exhibits translational
symmetry and the "stable" fixed points repre-
sent "sinks". The second fixed point p: = {0.618} is
labelled as being "unstable” or a "source" of the flux
of the renormalization parameter p,,.

If the composition is exactly at the unstable
fixed point, the mean cluster size is infinitely
large. Consequently, an infinitely large number of
steps are required to scale the heterogeneous sys-
tem. Thus, the number of steps required in the

HAHO MHOVCTPHA Tom 12 Ne 3-4 (90) 2019

Hudoysusa B ECS 3aTpyAHeHa M3-3a IPUCYTCTBUSA KJle-
TOK I/TMU U APYTUX CTPYKTYP U HHUXKe, YeM Ko3pdpu-
LHeHT AUPY3HUH B YUCTOM Bofie. MBI byZeM CIUTaTh,
YTO IIPUCYTCTBHe ITMHU B ECS He HapylIaeT U30TPOI-
HOCTB Cpefbl. B 3ToM cmy4yae ECS MOSKHO oXapakTepu-
30BaTh CGePUYECKHM TEH30POM:

Di(f) O 0
Di(f)=| 0 DuE o | (17)
0 0 DiI)

HunuHapuyeckue BojaokHa ICS 061amaroT morle-
PpevYHON aHHU30TPONHEl, KOTOPas BEIpaskaeTcs B TeH-
30pHOM QopMe KaK:

Di(f) 0 0
D,(f)=| 0 DiI) 0 | (18)
0 0  D3)

Iloce TOKaJIbHOU mnponeaypsl roMOTeHH3allUH
3aKoH ®urKa oIripefenseTcsa Kak

<f (?)> = _]Seff<§c(f)>’ (19)

rae 06 e MHBIM ITOTOK U KOHLIeHTPALlHs, COOTBET-
CTBEHHO, PaBHBL:

<T(f)>=%ij(f)dv, (Ve(E))-+ [Fe(r)av. 20

renormalization procedure increases with the clus-
ter size as p, approaches the unstable point.

Connectedness function R(p) and its derivative
R'(p) are plotted in Fig.2d. The maximum of R'(p)
is approached at the fixed point p«= 0,618. Thin
dashed lines connecting the bisector and the con-
nectedness functions are the renormalisation of
the volume fraction p, according Eq. (7). Within
the vicinity of p- = 0,618, the system yields scaling
properties and can be treated as a stochastic frac-
tal. Near the fixed point, the typical linear clus-
ter dimension (or the correlation length) { = L»
diverges:

v, (8)

§~lp-p

and the correlation function exponents may be
estimated with the help of Eq. (7)
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Ecnu uMeeTcss CHMMeTPHUSI OTHOCHUTEIBHO Bpa-
IeHUsI BOKPYT OLHOM U3 IIPOCTPAHCTBEHHBIX OCeH,
HaIIpUMep OCH Z, TO MOKHO II0Ka3aTh, 4YTO 3¢ dex-
TUBHBIH TeH30p TUPPY3HUH HMeeT [ Be He3aBUCHMBbIe
KOMIIOHEHTHI:

Dt 0 0
Dyg=| O D! o | Q1)
0 0 Det

TakoM TeH30p XapakTepH3yeTcs IIoIlepeuHOH H30-
TPOIIHOM CHMMeTpHel U OIHCHIBAET yCPeJHEHHYIO
reoMeTPHIO LHJIHHAPHUYECKUX BOJIOKOH, BHeJpeH-
HBIX B ECS.

[IpomonpHYI0 KOMIIOHEHTY TeH30pa AUIPy3uuU
MO>KHO PaCCUMTATh KaK CpefHee 1o 06seMmy [4]:

RZ

2
£ R,
R

D,c,+ f(l e ]Dmcn. (22)

m

610K

D¢, = (1-f)D ¢, +f—

eff _
D33 Ceff - Dece

Benpiil YepHbIH

610K

B dpopmyie (22) f - 370 0O6BEeMHAS DO AaKCOHA BHY-
TPU NPUMHUTHBHON S4YelKkU BUIHepa - 3eHTLa U
3¢ PeKTUBHAS KOHLIEHTPALIUS Copy MOJIEKYJI BOZBI Pac-
CUMTHIBAETCS COOTHOLIEHHEM [4]

610K

2 2
Cor =(1—f)ce+f§a C, +f(1— R;‘ Jcm

2
m m (23)
Ceff = Ce

Benbiii  YepHBII

610K

(R(p) - p*) = L ¥(p-p) (©)
if for the process the rule
S(R(p))
=~ =L, (10)
§(p)

p=p-

is kept at every level n. The critical exponent esti-
mate v from Eq. (9) is approximately 1.64. Thus the
scaling range of the correlation length of the het-
erogeneous cluster is within the bounds

b<§(p) =<1, (11)

where 1 is a macroscopical sample size. In the
region p < p- the correlation length is the typical
linear size of a ECS island, confined in surround-
ing fibre bundles, and when p > p- the correlation

ITorepedyHble CBOMCTBA OIIPefe/IsI0TCS Kak [4]:

0,305828f"y, |
Ysys—1,402960f°) |, (24)

6110k

eff _
Dll Ceﬂ - Dece

1—2f[y1+ f-

6710k

eff _
Dll ceff - DeCe

Benbii  YepHBIH

g
=
m

21-1)

(€= €m)(Em™ sa)Ri(ZHH (€t € )(Ec+Er) R § (25)

(o€ )(En- € )R i (g8, )€+ £) R 2T

d TAKJKe

Yo =

e=c.D,, e=c,D

ees aDa, €=¢cD

me
METOJ, PEHOPMAIII/BALI,I/IOHHOﬂ rPYNNbl
B 6uonoruvyecKyUX TKaHSIX MOKHO PacCIIO3HABAaTh
yelHHeHHBbIe BOJIOKHA, HeboJbIIHe TPYIIIIBI H30-
JIMPOBAaHHEBIX BOJIOKOH U KPYIIHBIE IIYUKH BOJIOKOH,
OTPaHHUYHMBAIOIINX BHEKJIETOUHBIH QI0UL. Takyio
CHUCTeMY TPYLHO OIIMCATh, OTPAHHUYHBIIUCH ABYyMS
Pa3THYHBIMU MacimrtabaMu, rme IUPPy3sHOHHEBIE
CBOMCTBA U3MEHSIOTCS OBICTPO MU MeJJIeHHO.
BMecTo 3TOro cucTeMa JeMOHCTPUPYeT BCe Jralia-
30HBI XapaKTePHbIX Pa3MePOB §{ HEOLHOPOLHOCTEH,
Y OHU HaxXOJsTCs B OIIpefle/IeHHOM HHTepBale (YpaB-
HeHUe (11)). [To3TOMY, UCIIONB3Yyst Mofenp "2x2" - PT
KJacTepa, MOKHO OIIpeJle/IUTh pasHoobpasue gud-
dy3uu Bo Bcex MacIuTabax v OLIeHUTh 3QPeKTHUBHBII
KO3QPHUIIMEeHT IIoIIepeuHON JUPPY3HUH.

IIycTh KaXABIM KBaJpaTHBIN 670K pa3bue-
Hus (puc.2a) npexncrasisieT coboi 3¢ PekKTHBHBIN
K03QPUIIHMEeHT MUKPOCKONINYeCcKON AUPOYy3UU B

length is a typical linear size of grouped fibre bun-
dles embedded in a fluid matrix.

LOCAL DIFFUSIVE PROPERTIES

Because we consider diffusion D(f) in the sta-
tionary regime with no sources of water mole-
cules then locally at every point of the heteroge-
neous medium, the Laplace law (conservative and
potential)

VD(F)Ve(@) = 0 (12)
and Fick’s law (linear constitutive relation)

] () =-D () Vc(T) (13)

hold together with the continuity Cauchy conditions at
the two phases interface oI, and oI, for completeness.

VoL.12 No. 3-4 (90) 2019 NANO INDUSTRY
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NMoKanbHOM 061acTh. CTPYKTYPUPOBAaHHBIN Habop
COCTOHUT K3 [JBYX THUIIOB KBaZpaToB Cc Ko3bdurneH-
Tamu quddysun D (6enbiii KBaapaT) u K03GPULIU-
eHTOB nuddy3uu DI (UepHBINA KBaLpPaT) COOTBET-
CTBEHHO. BeposSITHOCTB I10sIB/IeHU I 6€/10ro KBaApaTa
PaBHA Py, BEPOSITHOCTh BO3HUKHOBEHHU S YePHOTO
(1-py). Pacuipemenenue ¢a3 c 4BYMS pa3IUuYHBIMU
CBOMCTBAMHU OIIKCHIBaeTCs 06061meHHON PyHKIIHEH
IJIOTHOCTH BePOSTHOCTH YPaBHeHUH (2).
[IpenIonoxkUM, 4TO ClydyarHas 6uomorudyeckas
TKaHb MOKeT BBITh CMOJ@THPOBAHA 10 CXeMe, 1u306pa-
SKeHHOU Ha pHc.2c. EC/IM N - 3TO UTepaTUBHBIM LIar B
IIOCTPOEHHUU HepapXUueCKoM pelleTKH, TO IS KasK-
JIOT0 UTepallMOHHOro mara GyHKI U paclpefeneHus
IIJIOTHOCTH BEPOSITHOCTH (ypaBHeHHe (2)) KMeeT BU[:

0 (0) - 5(0-0121)+(1-p)s(p-0L) . @9

3HaueHUe Df}f”fj) npejcTaBiseT coboil ycpegHeH-
HBIH 30 PeKTUBHBIK KO3QOULIUeHT IUPPY3UH, pac-
CUUTAaHHBHN Ans caydasq ECS. Takon 3ddeKTUB-
HBIU K03ddunreHT nUbPy3suu paccMaTpuBaeTCs
KaK BepXHss IpaHHLA Ko3pounueHTa 1UPPys3uH.
J71s1 HadaJIbHOTO 1Iara j = 1 3¢ PpeKTUBHBIN KO3PPU-
LHeHT JUPPY3UH OIpesenseTcs Délfjf U'=D},, rme D}
SIBJISIETCSI BHEKJIETOYHBIM KO3QPUIIUEeHTOM AU~
¢ysuu dmaouga. KosdppuuueHr Dé%'fj) IpencTaB-
nseT cobort 06paTHYIO CUTYAIHIO U, CJIeI0BATEIBHO
D%V = D?, roe D2, - nuddysus B akCOHAX.

JIokanbHO A/151 TeTepOreHHOH TKaHU yCpeJHeH-
Hble BepXHHEe U HH>KHHe TPaHHIB KO3PPULIU-
eHTa JUGPY3UU MOTYT 6BITH OLleHEHBI C IOMOIIBIO

The normal to surface component of the mass flux
2 . .
] (f) at the different phases is

Jﬁ(f')brf ]ﬁ(?”arz’ (14)
and the concentration, c(f), is
(@) or,~ c(®)] T, (15)

For the geometry described in Fig.1b,c boundary
conditions (Egs.(13,14,15)) have the form:

Calf)=c.(F), TR,

all)=culi), TR,

p,()%op, )%=l p, g
Dm(f)ac;ﬁ(f)=De(f)ac(§éf)’ _—

HRAHO MHAVCTPUA Tom 12 Ne 3-4 (90) 2019

mozenu CeHa-Baccepa (ypaBHeHus (24, 25)).
BepXHSISI MU HUKHSISI TPAHUIIBI MOTYT OBITh IIpes-
CTaBJIeHBI 6e/IBIM 1 YePHBIM KBaJpaTaMH Ha "2x2" -
PT knactepe. Torma 3¢ deKTUBHBIN KO3POULHEHT
IUODYy3UHU MOKHO OLLEHUTH C IIOMOIbI0O PEKYPCHUB-
HOTO QJITOPUTMa. ITOT AJITOPUTM PaHee HUCIIONIb30-
BaJICS IS pellleHus IpobaeMsl erpafaliui B TBep-
IOM U IIOJIMMEPHOM MaTepHaax C IOMOILIbI0 METO-
noB MoHTe-Kapio [14]. BepxHsis rpaHuna 3¢ dek-
THUBHOTO KO3¢punueHTa UdPy3uH OLleHHUBALTCS
Kax [15]

D™= D" ,dV, 27)
d HUJKHSA I'paHI/ILIa HMeeT BUL,.

D" = [Dy" ¢,dV. (28)
B LiesoM ajarOpUTM pPeHOPMATIH3aLMOHHOH

TPYIIIIBI COCTOUT M3 CJIeAYIOMMUX AT 0B!

1. MHUIOIMAIU3KPOBATh BEPXHIO U HUXKHIOK I'pa-
HULB KO3PPUIIHeHTOB AUbPYy3HHU, a HMEHHO,
Dt 1 D).

2. MIHULHAIU3UPOBATh BEPOSITHOCTD Pj IOSIBIE-
Hus Hemoro KBagpara Ha PI kKimacTtepe "2x2".

3. OueHUTh KOOPPULIMeHTH AUGPY3UH BCero
"2x2" Pl KmacTepa B COOTBETCTBHUHU C MOJE/IbI0
Cena-Baccepa (CB) nnis Bepxuero (D) (ypas-
HeHus 24, 25) u uuxnero (D) (ypaBuenus
24, 25) mpepnenos (Tabmn.l).

4. OLleHHUTD BEpPOSITHOCTD R(pj) CBSI3HOCTHU OeJsibIX
6710Kk0B (ypaBHeHHe 7) Ha KaacTepe "2x2".

Here we assumed that temperature and chem-
ical activity are uniform throughout the object
and the driving force of mass transport is only
a function of concentration. In the real case the
axons are covered with myelin sheath inter-
rupted by nodes of Ranvier. Both of them play
a role in the electrical properties of axon and
transmit a neuronal signal. Myelin has a very
dense structure, which leads to the small diffu-
sivity (0,3-107° m?/s) compared to those of extra-
or intraaxonal fluid. Diffusion in the ECS is hin-
dered due to the presence of glia cells and other
tissues and is lower than the diffusivity of free
water. This fact may be explained on a basis of
the presence of glia in the ECS is consistent with
an isotropic medium. The ECS then can be char-
acterized with a spherical tensor, which has
equal eigenvalues:
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5. BepHyTLCH K mary 1, ec1i HOpMBI |D Y -Dp f])|
U ‘De 1 - D& D | MexXay 3¢PeKRTUBHBIMHU Koacp
dunreHTaMU [UPY3HUH TeKylleld U IPeabIay-
el UTepalui 60JbIlle 3aJaHHOM OMHOKH.

6. OCTaHOBI/ITb npoue/:[ypy, €CIHU HOPMBI
‘D( I - p @D ‘ u ‘D ki - DD ‘ Mexay b dex-
TUBHBIMH Koaq)c]pI/ILLHeHTaMH IUPPYy3HUHU TeKy-
ey U IpeAblAyLIier UTepalluy 6yayT MeHblle
3aJaHHON OMUOKHU. [Tony4eHHBIH K03dPuU-
nuent DY 1D = D 4(p) cooTBeTcTBYeT 30 dek-
TUBHOU AudPy3uu ¢ p = p;. TakuM obpasom,
paccYMTaHHas monepedHas aubdysus D=

Deft(p).
IIp1 IOCTPOEHHUH CTPYKTYPHl, OIIMCAHHON Ha
puc.2b, ¢, mepeHOPMHUPYIOTCS CleAyIOUIHe TPHU
napamertpa (Tabmn.l):

Pror = X8l (@)

= (1_Pn)8(Dt_DL{n)+P rfs (D t_D[tJ’n) (b) . (29)
pp=(02) ©
Di,,n+1 _ <Dt1_,n> (d)

CucreMma (29) mpexncTaBiseT cob0M CUCTEMY HelH-
HeHMHBIX yPaBHeHUI, 06pa3yonuX IIOTOK IIapaMe-
TPOB B IIECTHMEPHOM ITPOCTPaHCTBe.

YUCNEHHDIE PE3Y/IbTATbI U OBCY)XAEHUE
YT06BI MOMYYUTh PeaTUCTUUHBIE KO3)PUIINEHTDI
nuddysuu B 610I0rMYecKor TKAaHH, MBI HCIIONIb3yeM

DL(T) O 0
Dif)=| o DiH) o
0 0  DiyT) 17)

Cylindrical fibres of ICS possess transversal
anisotropy, which is expressed in tensor form as:

D) 0 0
D,(f)=| 0o DiE) o (18)
0 0 D)

After the local homogenization procedure Fick’s
law is defined as

Tabauua 2. dKkcnepumeHmanbHo U3MepeHHble napamempebl,
ucnonb3yemble 045 pacyema 3pekmusHbix ceolicmea zeme-
pozeHHol cpedbl

Table 2. Experimentally measured parameters used for estimation of
the effective properties of the heterogeneous material

MapameTtp X BxoaHoe 3Ha4YeHue
Parameter X Input value
D, 21072 m?/c
D, 0,75:107m?/c
D, 0,310~ Mm?/c
Ce 0,95
G 0,88
Cn 0,5
R 6,57-107°m
R, 4-1076
P [0.1]

MapaMeTpbl, 3KCIIePHMeHTaIbHO H3MepeHHbIe B (16, 17].
9THU napaMeTpsl 3aJlaHbl B Tabn.2. HauanbHoe 3Hade-
HMe BepxHel rpaHulibl Hopmuposanock DYV / DY =1

<T(17)> = _I/\)eff<§c(?)>’ (19)

where the volume averaged mass flux and concen-
tration, respectively, are:

(i >*JI F)dv, (Ve(t >—ij v, @0

on the scales ~ L. For symmetry with respect to rotation
about one axis, say the z-axis, it can be shown that the effec-
tive diffusion tensor has two independent components:

DT 0 0
Dg=| 0 DT 0 | 1)
0 0 Def

This is referred to as transverse isotropic symmetry
and describes the geometry of cylindrical fibres embed-
ded in the ECS.
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2,0 T T T T T T T

p=0,25 |
p=0,35

,10°°m?/s

(UL,
t

D

0,2 0,4 0,6 0,8 1.0
p

Puc.3. a - unatocmpauus docmuskeHus ycmotyugol du@dy3uu nocae peHopmManu3auuoHHbIX Wazos; b — 3agucumocms Yucaa wa-
208 peHopmanuzayuu om obsema ECS. 38oaroyus duddysuu 60 pems npou.ecca nepeHopmuposKu 3a0aHa Usemom

Fig.3. a - illustration of an approach of a stable effective diffusivity after RG-steps; b — dependence of the number RG steps versus ECS
fraction. Evolution of diffusivity during the RG-process is colour-coded

(rme D}; - ECS muddy3sus), a HUKHASA TPAaHULA 3a/1aBa-
naco otHomenuem DY / D} Ha HagaTbHOM HTepaliuoH-
HoM 3Tare (j = 1). 3nauenue DY 6b110 paccurTaHo B
COOTBETCTBUH C Moflenbio CeHa-baccepa (ypaBHeHIe (4)),
rae Ko3dpdunueHT ICS nuddys3unu obozHayeH Kak
D, = D). Ha puc.3a u3o6paskeHa 3BOJIIOLIHS [IEPEHOP-
MHPOBKH II0II€PeYHOro 3¢ PpeKTUBHOro K03 PUIireHTa
nuobdysuu D Bo Bpems j-maros pekypcuBHo# mpore-
oyphl. Ha prcyHKe IIpefcTaBIeHbl BEPXHUH M HUKHUH
npenesnsl AUPPY3HU BMECTe C UX CPeTHUM 3HaueHHeM.
HabnromaeMebiit Ko3pduiireHT nuddy3uu GayKTynpyet

The longitudinal component of the diffusion ten-
sor can be calculated as a volume average [4]:

Black
block

2
m

R? R?
DSic,g =(1-f)D c, +f=2D,c,+f[1-—2|D,c,
R R . (22)

m

eff _
D33 Co = DeC

e

White
block

In Eq.(22) f is a volume fraction of axon within
Wigner-Seitz primitive and effective concentration
of water molecules, c., is [4]

2 2
g =(1-f)c, +f1§2a ca+f[1— R; Jcm

(23)
Ceff =Ce

White Black
block block
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MeXXIy STUMH I'paHULIAMHU. Ha HebompImrx MacmrTabax
§>b dnykTyanuu SBISIOTCS TUTAaHTCKUMH, HO, KOIa
¢>>bu {->L, cuctema 1eMOHCTPUPYET CTATUCTUYECKHU
O HOpOJ HBIe CBOMCTBA. ITO siBJIeHUE SBHO IIPOSBIS-
eTcs Ha puc.3a, b, roe n3obpaskeHa CXOAMMOCTD BEPX-
HeM U HU>KHEM IPaHUIIBI CJIeBa HAIlPaBo C PACcTyIIUM
MacmTabom §. BUAHO, UTO IIPHU 3BOJIIOLUU I1apaMe-
TPOB MOSKHO BBIJIeJIUTh TPH OT/AE/IbHbBIE 30HEI; | - TUHen-
Hasg; Il - HenuHerHas u 111 - ctabunabHasg, PesxuM I -
0671aCTh HEYCTOMUYUBOCTH (AeMOHCTPHPYIOIIAs Mac-
mTabHy0 CHMMETPHIO), BO BpeMs HUTePALlHOHHOIO

The transverse properties are defined as [4]:

0,305828f%y, '

[~
28 |Dc . =D.c.|1-2f |y +f-
=2 11 Ceff ee [Yl y3y5—1,402960f8 , (24)
=
gz‘g Delflfceﬁr = DECE
where

(e &) (e sa)R§(21’1)+(8e+ €0 )(E.+E, Rrrzl(ﬂﬂ 25)
T e e e R e (e e R AT
and

e=c,D,,e=cC

e—er a—a’ m
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[Ipoliecca peKypCHBHOe 3HaYeHHe IlepeMellaeTcs K
obnactu npuTsKeHU 111 (0671aCTh ¢ TPAHCISALIMOHHOM
cuMMeTpHel). Pexkum II MOXKHO pacCMaTpHUBATh Kak
30HY CeIlapaTpPUCEHL.

Ha puc.3a HavanbpHble gonu ECS 6piu p; = 0,25
(crTowmHast MTUHUS) U P, = 0,35 (IyHKTUPHAS IUHUS).
OueBHUHO, YTO BepXHSISl U HHUKH S TPAHULLEL KO3OPU-
nueHTa 4UGPY3UU CXOAATCH K HeKOTOPOMY 3HaYeHHIO
(T.e. aTTpaKTOPY), KOTOPOE 3aBUCHUT OT Ha4da/IbHOM JOTH
ECS. Kak MO>KHO BHJIeTh Ha pHC.3a, 6, 6oibInee 3HaUe-
Hye 3pGeKTUBHOr0 Ko3pPULieHTa JTUPPY3HUH COOTBET-
cTByeT 6o/bIIeMy 3HAaYeHMIO HadajabHOU monu ECS
dassel. [lns cnydas, Korga p; = 0,61 4KCI0 UTepaliui
j =11, 3TO CTPOUT pelIeTKy, COCTOSIYI0 U3 ~8!! cBsi3el.
TaKoro KOJIMYeCTBa CBSI3eH JOCTATOYHO, YTOOBI ITOTY-
YHTh OIMHUCAHKE QHU3MYECKHUX CBOMCTB CH/IBHO HEYIIOPS-
JOUYeHHOH U reTepOreHHOM 610/I0rnuecKoi TKaHHU. I1po-
Lleflypa UTepallMy [IapaMeTpPOB OCTAHAB/IHBaeTCS B
COOTBETCTBHHU C 3apaHee 3aJlaHHBIM YCJIOBHEM
max {| Dy -D"V], DG -S|} < e, rae 6pu1a BrIGpana
mpremeMast HopMa € = 1073,

Ha puc.4a mpeacTapieHa 3aBUCUMOCTh HOPMHPOBaH-
HOro Ko3$pdUllHeHTa NoIepedHor 3pPeKTUBHOM AUP-
by3uut Dog, Dy off, Dy off OT KOHLIEHTpALIUM P ECS. Jlons
KJIeTOK IIPH 3ToM 6b11a (1 - p). Kaskgok Touke KPUBOK
COOTBETCTBYeT TOUYKa aTTPaKTopa I10C/Ie j-IIaroB Mpolie-
Aypbl peKypcuu. IIpaBas u neBasi acuMmnToTsl (p »{0,1})
CXOZISITCS K BEPXHEH U HU KHeM I'paHUIIaM IpUOIrKe-
HUS 3QPEeKTUBHOM Cpefipl COOTBETCTBEHHO.

[IpomeskyTo4Has aCHMIITOTA PACIIOIOKEeHA MeXKAY
BepxHell U HIDKHeH TpaHuLlaMU 9G$eKTHUBHOIro Ko3d-
ounuenTa nudPy3uK U JeMOHCTPHUPYET XapaKTepPHYIO

RENORMALIZATION GROUP METHOD

In biological tissue it is possible to recognise singular
fibres, small groups of isolated fibres and large bundles
of fibres confining fluid islands. It is difficult to treat
such a system with two distinct scales, where diffusive
properties vary either rapidly or slowly. Instead, the sys-
tem exhibits all ranges of characteristic sizes of heteroge-
neities, §, and they are within a certain range (Eq. (11)).
Then, by the virtue of the "2x2" - RC model, the diversity
of diffusivity on all scales can be derived and used to esti-
mate the effective transversal diffusion coefficient.

Let every square block of the tessellation (Fig.2a)
represent the effective microscopic diffusion coeffi-
cient in the local area. The structured set consists
of two types of squares with diffusion coefficients,
D}, (white square) and diffusion coefficients, D
(black square), respectively. The occurrence prob-
ability of a white square is p,and the occurrence

HeJIMHEeNHOCTh, DTa HeJTMHEHHOCTDb HCYe3aeT B IIpefiesie
OYeHb BBICOKOH ITPOHUIIAeMOCTH, IZie IIpeobiazaer mpo-
HUIIAeMOCTb HaJl 3deKTaMHU JIOKATU3AIIUH (He IToKa-
3aHO Ha PUCYHKe). Takass HeTMHEHHOCTb 0OBIUHA 15
MHOTUX J1$Y3HOHHBIX (TPAHCIIOPTHBIX) IIPOLIECCOB U
YacTo u3obpaskaeTcs B IOrapudMUIeckoM MaciTabe
(19, 20]. HenuHeMHOCTh MaKCHMaJsbHa BOIH3H IIOPOro-
BOM KOHILIEHTpaluH p- = 0,618 151 AByMepHOro Cllydas.
B peasMCTUYHOM CUTYaIlUH B IKCIIePHMeHTaX 06beM-
Hasl [0/ BHEKJIeTOUHOM BOAEI H3MeHsteTcs ot 0,1 mo 0,4.
Kax MOKHO IIOHSATh U3 MOLETUPOBAHMS B TAKOM AHalla-
30He JYCIepcuy 06beMHOM B0, 3G deKTHBHEIH II0IIe-
peuHBbIN Ko3dduLLeHT A1uddy3uu boslee UyBCTBUTEIEH
K U3MeHeHH IO IIPOHHULIAeMOCTH, a He K 00 eMHOH J1071e
ECS.

HOnga OpUKJIAAHBIX 3aday IIO0JIe3HO 3HATh
4yBCTBUTE/IBHOCTh

S = |dlog(D,¢)/ dlog(X) (34)

3¢ pekTUBHOTO KO3 PuIieHTa fUPHY3UH, BRIUMC-
JIEHHOTI'0 KakK cjiefl 3¢ beKTUBHOI0 TeH30pa AU Py3HuHU
B ypaBHeHHUH (21):

D= DS+ D8I /3. (35)

HcxomHble 3HaueHHusa (X B ypaBHeHHUH (34))
B3SITHI K3 JTUTEPATYPHl, Ile OHU OBIIM 3KCIIEPH-
MeHTa/bHO IonydeHsl (Tabn.2, [2]). Pe3ynbTaThl
IpeACTaBIeHbl Ha puc.4b. AHaIU3 YyBCTBUTEIBHO-
CTH 3@ PeKTUBHOro Ko3ppunireHTa sUPy3uu gaer
IpelcTaBJIeHHe O TOM, KaK CBSI3aHBI pa3JIH4YHBbIe

probability of a black one is (1-p,). The distribu-
tion of the phases with two distinct properties is
described by the generalized probability density
function Eq. (2).

Suppose that random biological tissue can be
modelled according to the scheme depicted in Fig.2c.
If n is an iterative step in the building of the hierar-
chical lattice, then for every iterative step the prob-
ability density distribution function (Eq. (2)) takes
the form:

¢;(DsT) = p;8(D-D) +(1-p))8(D-DF) . (26)
The value DYy is an averaged, effective diffu-
sion coefficient calculated for the case of the ECS.

Such an effective diffusion coefficient is regarded
as an upper bound for the diffusion coefficient. For
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Puc.4. a-3asucumocmp Deg, Dy o D) or0M p. Ka>das mo4ka Ha amux Kpueblx ecmb pe3yAbmam npouecca nepeHopmuposku. Jas
CpasHeHUs NoKazaHbl maioke pesyabmamal modeau CeHa-baccepa. [Mpasoli ocu coomeemcmayem usmMeHeHue NA0MHoCMu NPomo-
Ho8 (ypasHeHue (23)); b - kapma abcoaomHoli 8eautuHbl YyscmeumeabHoCcmu, S, 04 3pdexmusHol duddysuu D, 8 0kpecmHocmu
¢usuonozudecku Habadaemozo npedeaa (p ~ 0,2), noay4eHHOL ¢ nomouwbto Pl [1As CpasHeHUs NOKA3aHbl makske pesyAbmamel Mo-
denu CeHa-baccepa

Fig.4. a. - dependence of D¢, Dy o D, of Versus p. Every point in these curves is a result of the RG process. For comparison, the Sen-
Basser results are shown. On the right side of the graph the change of proton density is demonstrated (Eq.(23)); b - pie chart of abso-
lute values of the sensitivity, S, of D¢ near the physiologically relevant point (p ~0,2) obtained by RG. For comparison, the Sen-Basser

results are shown

MUKpOIIapaMeTPhI C pa3BUTHEM MO3Ta HJIH ero aTo-
JIOTUYEeCKUM COCTOSIHUSM. AHAJIOTUYHas npobiema
paccMmoTpeHa B [18], rie KCII0b30BAIHCh UHCIEHHBIe
3KCIIePUMEHTHI IIPSIMOT0 6POYHOBCKOTO CJ1yYaHHOTO
6nysxxmaHuss MoHTe-Kapio. B oboux ciaydasix mof-
TBepPXKAAeTCs HeIMHeNHoe IoBefieHUe 3o deKTHBHOM
OUPPY3UU IT0 CPaBHEHHIO C BHEKIETOUHOM 06BeM-
HOM KOHILIeHTpalKeH. [[pHUMHON TaKOro IBHO BEIPa-
>KEHHOT0 HeJIMHEeNHOIO 10BeJIeHH S SIB/ISIeTCS YBelu-
YeHHe BePOSITHOCTHU 6JI0KMPOBAHUS MOJIEKY/ BOJbI
C YMeHbIlIeHHEeM BHeKJIeTOUHOM 06be MHOM KOHIIeH-
Tpauuu. C Apyroyd CTOPOHBI, HeHPOHHAS KJIeTKa
MOXKeT IPOSIBIATE 3QPeKThl Aerpagaliiu, IPUBOA -
I]He K IIOBBIIIeH U IO IPOHUIIaeMOCTH ; TaKOH 3¢ deKT
yMeHbIIaeT 6JI0KMPOBKY MOJIEKYJI BOABL. DTO IIPoie-
MOHCTPHUPOBAHO Ha puc.4b.

JM3alH 5KCIIepUMeHTOB 110 A1ubY3UH, KOTOPBIH
MOKeT IOATBEePAUTE IIPeJIOKeHHYIO0 TeOPUIO0, [IPUBe-
IeH B (19, 20]. CymecTBeHHBIM MOMEHTOM TaKHX 3KC-
IIePHMEHTOB 4BJISIeTCSI K3MeHEeHHe IIKa/Ibl BpeMeHHU B
Ka4yecTBe aprymeHTa AudQy3uu, CBS3aHHOM C 30HAHUPO-
BaHHEeM IIPOCTPaHCTBA. Ha KOPOTKUX BpeMeHaX OXKH-
laeTcsl CHIbHag QIYKTyallus M3-32 HeOLHOPOLHOCTHU
6es1oro BelecTBa roJIOBHOTO Mo3ra. Takue GIyKTyaluy
YMEeHBIIAIOTCS Ha 6OTBIINX BpeMeHaX, YTO [103BOJISET
OLIeHUTD 3G GeKTHBHBIN KOIPPULIHEHT AUPPY3HH.
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BbIBO/1bl

B naHHOHM paboTe MBI MpeAIOKUIU UTEPALUOH-
HBIM aJITOPUTM MacIITabHOro ycpegHeHHUS I
olleHKU 3¢0beKTUBHOM AUbPy3UU CTyUaHOM reTe-
poreHHOM buosorn4yeckor TKaHU. [Juddy3rnoHHEIe
(TpaHCIIOPTHBIE) CBOMCTBA M3yYaIUCh B IIHPOKOM
JHaIa3oHe MUKPOCKOMHUUYECKHUX M KOMIIO3HUIIUOH-
HBIX [T1apaMeTpPoB OHUOIOrHMYECKONM MHOTLOKOMIIO-
HeHTHOM reTeporeHHOM TKaHU, COCTOSIIEN U3 KJle-
TOYHBIX U BHEKJIETOUHBIX JJOMEHOB, B 3THX loMeHax
MOJIEKYJ/IBl XapaKTepHU30BaIUCh Pa3HBIMHU KO3)PU-
nueHTaMHU AUPPY3HH U IIJIOTHOCTSIMHU (KOHIIEHTpa-
LHSMH), 2 UMEeHHO BHYTPH KJIeTOK U BO BHeIIHeH
cpelle. Pe3ynbpTaThl HpeIO’KeHHON HTEePALlMOHHOU
CXeMBbl ycpefHeHU ITo MacmTabam obpasua 6b1u
KICIIOZIb30BAaHBI /11 U3YyUeHU s BIUSHUS O0JIBIIOTO
JHaIa30Ha MUKPOCTPYKTYPHBIX U KOMIIO3UIHOH-
HBIX ITapaMeTpoB Ha 5P PeKTUBHBIK KO3PPULIUEHT
IudPy3un Ha UTepallMOHHOU pelleTKe, COCTOSII e
u3 ~8!! cBsizeri. Kpome Toro, 6slyia mpencTaBieHa
CaMOCOTJIACOBAHHAS CXxeMa MOJeIHUPOBAHUS IS
IIPOTHO3UPOBaHUSA 3P beKTUBHOIO KO3pdUIIHeHTa
IUGPY3HUHU Ha AMTUTE/NbHBIX BpeMeHHBIX MAcCIITa-
6ax. DTa cxemMa pacyeToB I103BOJIM/IA BBISIBUTD 3aBHU-
CUMOCTh 3 PpeKRTHUBHOr0 Kodppunmenrta nudpdysuu
OT OTHOIIEHU I MUKPOCKOIIUYECKUX KO3OPUIIEHTOB
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the initial step, j = 1, the effective diffusion coeffi-
cient is given by D{%;V = D}, and D}, is the free extra-
cellular water diffusion coefficient. The coefficient
D% represents the inverse of the situation above
and therefore DV = D2 where D7 is diffusion in
the axons.

For heterogeneous tissue averaged upper and
lower bounds of the diffusion coefficient can be esti-
mated locally with the help of the Sen-Basser model
(Egs. (24-26)). The upper and lower bounds could be
represented by the white and black squares in the
building of "2x2" - RG cluster. The effective diffusion
coefficient then can be estimated with the recursive
algorithm. This algorithm has been previously used
for the solution of the degradation problem in the
solid-state and polymer materials with the help of
Monte-Carlo methods [14]. The upper bound of the
effective diffusion coefficient is evaluated as [15]

D™= [D",dV, 27)
and the lower bound takes the form:
D™ = [D" $,dV, (28)

In general, the renormalization group algorithm
consists of the following steps:

1. Initialize the upper and lower bounds of the diffu-
sion coefficients, namely D% and D).

2. Initialize the probability p; to find the white
square on the "2x2" - RG cluster.

3. Evaluate the upper, Dﬁ}f}j*b, (Egs.24, 25) and lower,
DY, (Eqgs.24,25) bounds of diffusion coefficients
of the whole "2x2" - RG according to the Sen-
Basser (SB) model (Table 1).

4. Evaluate the probability R(p;) of the connectedness
of the white blocks (Eq.7).

5. Return to step 1 if the norms |Dgfjfj+l> - Dg‘f]fb‘ and
|DéLffj+1) - DéLff“j)‘ between the effective diffusion
coefficients of the current (j+1)th and the previ-
ous (j)th iterations are more then the prescribed
error.

6. Stop the procedure if the norms nggfj”) -DY) and
|Dé1£‘f‘j+1) - Délff‘j)‘ between the effective diffusion
coefficients of the current and previous iteration
are less then the prescribed error. The resulting
coefficient corresponds to the effective diffusion,
DY ) = D (p), of the highly randomised struc-
ture with p = p;. Thus, the calculated transversal
diffusivity is D$If = D g(p).

During the building of the structure described
in Fig.2b and 2c, the following three parameters

were renormalized (Table 1);

_ k
Pn+1 - zgkrn a
k

Pa= (1_Pn)6(Dt_DL{n)+ P n8 (D t_D[tJ,n)
DE,H+1 — <DtU,n>
Dlt_,n+l — <Dt1_,n>

b

C

d

@)
().(29)
()
(@)

System (29) is a system of nonlinear equations repre-
senting a flux of parameters in a six-dimensional para-
metric space.

NUMERICAL RESULTS AND DISCUSSION

In order to obtain a real picture of diffusivity in biologi-
cal tissue we factored in the parameters experimentally
measured in [16, 17]. These parameters are collected in
Table 2. The initial value for the upper bound was nor-
malized to D4 / D}, = 1 (where D}, is diffusion in ECS)
and the lower bound was normalized to DV / D, at the
initial iterative step (j = 1). The value D4 was calculated
according to the Sen-Basser model (Eq. (4)), where com-
posite intracellular diffusion coefficient is denoted as
D, =Dy).

In Fig.3a the evolution of the renormalized transversal
effective diffusion coefficient D{i! is depicted during j-steps
of the recursive procedure. There the upper and lower
bounds of the effective diffusion are presented together
with the mean value. The observed diffusion coefficient
fluctuates between bounds. In the small scale, {>b, the
fluctuations are gigantic, but when {>>b and - L the sys-
tem exhibits statistically homogenised properties. This
phenomenon clearly appears in Figs.3a,b and comprises
the convergence of the upper and lower bounds from left to
right with an increasing scale €. It can be seen that there
are three distinct parts in the evolution of the parameters:
I linear; I nonlinear; and III stable. Regime I is a region
of instability (demonstrating scaling symmetry), during
the iteration process the recursive value moves toward the
attraction area III (region with translational symmetry).
Regime I can be treated as a separatrix area.

In Fig.3a the initial fractions of ECS were p,; = 0.25
(solid line), and p, = 0.35 (dashed line). It is evident
that the upper and lower bounds for the diffusion
coefficient converge to a certain value (i.e. attractor)
which depends on the initial fraction of the extracel-
lular water. As can be observed in Fig.3a, b, the larger
value of the effective diffusion coefficient corre-
sponds with the larger value of the initial fraction of
the phase. For the case where p, = 0.61 the number of
iterations is j = 11, this builds a lattice consisting of
~8!1 bonds. Such a number of bonds is enough to
obtain a physical description of the highly ran-
domised heterogeneous biological tissue. The proce-
dure of iteration of the parameters was stopped in
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o1uddysun a3 KOMIIO3UTA, UX KOHLEHTPAalUHU U
[IPOHHILIA€MOCTH KJIeTOK.
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vicinity of the threshold concentration p- = 0,618 for
two-dimensional case. In the realistic case volume
fraction of the extracellular water varies from 0.1 till
0.4. As can be recognised from the modelling in such
a range of the variance of the volume fraction, the
effective transverse diffusive coefficient is more sen-
sitive to the permeability change rather then volume
fraction of the extracellular water. Besides, the trans-
versal case gives an inverse dependence of the permea-
bility. Larger permeability contributes in lower trans-
versal effective diffusivity which can lead to the point
where two compartments cannot be distinguished
any more.

For practical importance it is useful to know the
sensitivity

S = dlog(D,¢p) / dlog(X) (34)

of the apparent diffusion coefficient calculated as a trace
of effective diffusion tensor in Eq. (21):

D, = DS+ DSty /3. (35)
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Initial values (X in Eq.(34)) are taken from the litera-
ture, where they were experimentally obtained and col-
lected in Table 2 [2].

The results variation of microparameters are presented
in Fig.4b. Analysis of sensitivity gives an indication of
how they are associated with brain development and dis-
ease states. A similar problem is considered in [18] where
the direct Brownian random walk Monte-Carlo numer-
ical experiments were used. In both cases the nonlin-
ear behaviour of effective diffusion versus extracellular
volume fraction is confirmed. The reason for such pro-
nounced nonlinear behaviour is in the increase in prob-
ability of the blocking of water molecules with a decrease
of the extracellular volume fraction. Nonetheless, neu-
ronal cell can exhibit degradation effects leading to the
enhancing of permeability; such an effect reduces the
blocking of water molecules. This is clearly demonstrated
in Fig.4b.

The design of diffusion imaging experiments which
can validate the proposed theory is reported in [19]. The
essential point of such experiments is to vary the time
scale as an argument of diffusion associated with prob-
ing the spatial scale. At short range strong fluctua-
tion is expected due to the heterogeneity of brain white
matter. Such fluctuations decrease on long term scales

leading to the estimation of the non-biased effective
apparent diffusion coefficient.

CONCLUSIONS

In summary, we have introduced a scale averaging
effective media iterative algorithm to describe a diffu-
sion problem in random heterogeneous biological tis-
sue. The diffusive (transport) properties were studied in
the broad range of microscopic and composite parame-
ters for biological multi-compartment heterogeneous tis-
sue composed of cellular and sub-cellular domains. In
these domains, the diffusing molecules may have differ-
ent diffusion coefficients and densities (concentrations),
namely within cells and within the outer medium. The
results of the proposed effective media scale-averaging
iterative scheme were used to explore the effects of a large
range of micro-structural and compositional parameters
on the apparent (effective) diffusion coefficient on the
iterative lattice comprised of ~8! bonds. A self-consistent
modelling framework for predicting the long-term scale
effective diffusion coefficient was presented. This frame-
work revealed the strong dependence of the apparent dif-
fusion coetficient on the ratio of the microscopic diffu-
sion coefficients of the phases, their concentrations, and
the permeability of the cells. [ |
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